POLARIZED HARMONIC MAPPINGS AND OPTIMAL MOVING
FRAMES

SERGE PRESTON AND ROBERT THOMPSON

ABSTRACT. We introduce the notion of a polarized harmonic mapping M — N of Rie-
mannian manifolds and its infinitesimal analogue, a polarized harmonic connection. We
study the integrability of these polarized harmonic connections when M is foliated by the
action of a Lie group G. In the case that M is a Kahler manifold and G has dimension
1, the polarized harmonic connection is integrable and we obtain a polarized harmonic
mapping M — G, known as an optimal moving frame (or optimal G-frame). These ideas
are illustrated using the dynamical system of N-point vortices in the plane.
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1. NOTATION

n-dimensional C'*°-manifold
smooth foliation on M
smooth vector field on M
k-dimensional real Lie group
Lie algebra of a Lie group G
GxM—-M a smooth action of G on M
M vector field on M induced by the action of £ € g
gm or T,,,(Gm) the tangent space to the G-orbit of the point m € M
¢y T(M)— T(N) tangent mapping of the smooth mapping ¢ : M — N
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2 POLARIZED HARMONIC MAPPINGS AND OPTIMAL MOVING FRAMES

2. INTRODUCTION

It happens quite often that in the phase space M of a dynamical system (M, u) there is
a natural action of a Lie group . This group may be a symmetry group of the dynamical
system or have some weaker relation to it, e.g. the phase flow of the vector field v maps
orbits of GG into orbits. Alternatively, G may be interesting from a geometric point of view,
as the isometry group of some metric on M, for example.

In some cases it is useful to present the dynamical vector field u as a sum of motion
along G-orbits and motion transversal to them, i.e. to decompose the vector field u into a
component along G and a complementary component:

(2.1) u(m) = ug(m) + u.(m).

There are many examples of such a decomposition, from the removal of center of mass mo-
tion in mechanics to the decomposition of dynamics in terms of different degrees of freedom
(translational, rotational, oscillatory, etc.) in nuclear physics. Geometric procedures have
been developed in order to make such a decomposition in a regular way. Examples include
Hamiltonian reduction, Lagrange reduction and collective modes, [5,9,13].

The infinitesimal decomposition (2.1) requires a smooth distribution H in M transversal
to the orbits of G and complementary to the tangent subspaces g,, = T(Gm). This
distribution yields a decomposition of the tangent bundle

To(M) = gm ® Hy,.

If the projection mapping M — M /G is a fibration, a choice of H defines an Ehresmann
connection on this bundle. If G acts with a single orbit type G/K, one way to construct
such a connection is to define a smooth projection ¢ : M — G /K of maximal rank along
orbits (for example G-equivariant) and to take H,, = ker(¢,,,). Such mappings ¢ present
a natural generalization of G-frames (see Definition 3).

When M is the phase space of a dynamical system (M, u), it is natural to consider
the problem of characterizing connections which are extremal or optimal with respect
to u in some sense, measured by an energy functional. One way to define an optimal
connection is to take a mapping ¢ : M — G /K which is mazimal in the direction of u
and minimal in transversal directions. Centroidal frames, [9,10] are an example of such
optimal connections, where energy of relative motion is minimized. In what follows, we
define polarized harmonic mappings as mappings which maximize a polarized energy and
study these mappings and their infinitesimal versions, polarized connections.

In Section 3 we introduce background ideas and define the polarized energy function
for a vector field v on a foliated Riemannian manifold M. In Section 4 we introduce the
polarized connection defined by the foliation F on M. We prove in Theorem 1, that in
a neighborhood of a point of locally constant rank a unique polarized connection exists
and is expressed by an explicit formula. In Section 5 we study the integrability of the
polarized connection in the case where the foliation F is defined by a free action of a
Lie group G. We introduce the notion of a polarized harmonic mapping ¢ : M — N of
Riemannian manifolds in Section 6. In Section 7 we discuss polarized harmonic mappings
in the case where N = (G, a compact Lie group, M is an almost Kahler manifold, and u is
a Hamiltonian system with a harmonic Hamiltonian function H. When G has dimension
1, the polarized connection is integrable and there is one point of maximum polarized
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energy. In Section 8 we describe the dynamical system of point vortices on the plane and
show that the polarized connection for rotational symmetry is integrable and coincides
with the centroidal frame found in [9]. Finally, in Section 9 we study the Euler-Lagrange
equations for the polarized energy functional. We show that the Euler-Lagrange equations
are hyperbolic with propagation in the direction of the vector field w.

3. TRANSVERSAL CONNECTIONS ON FOLIATED MANIFOLDS

In this section we introduce and discuss Ehresmann connections related to a foliation
on a manifold, following [5,14]. Let F be a k-dimensional smooth foliation of a manifold
M. This means that each leaf F,, of the foliation is a k-dimensional smooth submanifold
of M, different leaves do not intersect, and M is the union of the leaves F,,. An important
example is the foliation by orbits of a left action of a Lie group G on M, provided this
action has only one orbit type, say G/K. Each leaf F,, = Gm is the G-orbit of a point
m € M. We will call such foliations G-orbit foliations. If G acts freely on M, each orbit has
type G. If all orbits are closed, the space of orbits M /G carries the structure of manifold
and we have a principal bundle M — M /G with structure group G.

In general, a foliation F generates the exact sequence of vector bundles

(3.1) 0—-TF—-TM)— NM)=T(M)/TF — 0,
where N (M) is called the normal bundle of the foliation.

Definition 1. A transversal connection on M associated with the foliation F is a splitting
of the sequence of vector bundles (3.1) over M.

We will usually refer to transversal connection simply as a connection. There are several
ways to specify a connection.

Lemma 1. The following objects are equivalent:
(1) A splitting of the sequence of vector bundles (3.1).
(2) A (vertical) projection vy, : T, (M) — T, (Fm) at each point m € M, depending
smoothly on m.
(3) A smooth distribution H of (horizontal) subspaces Hy, of Tp,(M) complementary to
the (vertical) subspaces V,, = T F,,, giving the splitting T,,,(M) = V,,, & H,,.
(4) A TF-valued differential 1-form w on M such that for all & € V,,, wm(§) = €.

Definition 2. If F is a G-orbit foliation, a connection w satisfying the condition g*w = w
(or, equivalently g.H,, = Hyy,) for g € G is called an equivariant connection.

Denote by Conz(M) the set of all the connections defined by the foliation F and by
Cong(M) the equivariant connections defined by a G-orbit foliation.

Definition 3. Suppose G acts smoothly on a manifold M with one type of orbits, G/ K,
where K is a closed subgroup of G. A smooth mapping

o M—G/K

of mazximal rank at all points m € M will be called a G-frame on M. If ¢ is G-equivariant
(i.e. satisfies p(gm) = gp(m)), ¢ will be called an equivariant G-frame.



4 POLARIZED HARMONIC MAPPINGS AND OPTIMAL MOVING FRAMES

Let F be a G-orbit foliation. A G-frame on M defines transversal connection wg via the
assignment of horizontal subspaces

H,, = ker(¢um).
For an equivariant G-frame ¢, the corresponding connection wy is equivariant.

Lemma 2. Suppose that G is connected and acts freely on M. Let ¢ : M — G be an
equivariant G-frame. Then M is equivariantly isomorphic to the direct product G x T’

where T = ¢~ 1(e).

Proof. Let T' = ¢~ !(e). By the local linearity of epimorphisms, I" is a smooth submanifold of
M. For any g € G, ¢~ (g) = g¢~(e) = g so that action by ¢g~* defines a diffeomorphism
of T' and ¢~1(g). Define the mapping G x I' — M by (g,m) — gm. This mapping is a
smooth equivariant bijection of manifolds. 0

It follows from Lemma 2 that the projection = : M — M = M /G is a trivial principal G-
bundle. Any global section s : M — M of this bundle defines a corresponding equivariant
G-frame ¢s(gs(z)) = g for all z € M,g € G. An equivariant G-frame is defined by the
pre-image I' of the unit of G: ' = ¢~ !(e) = s(M). I is a submanifold of M, and it
coincides with the image of the corresponding global section s € I'(r). For any h € G,
¢~ t(h) = hl.

Fix a section s and corresponding equivariant G-frame ¢ and submanifold I'. Any point
m € M has a unique representation

m = ¢(m)ks(m), ky(m) €T

Any other equivariant G-frame 1 is defined by its submanifold I'y, and corresponding
section s,. These are defined by the mapping x : M — G for which

sp(r) = x(2)s(z), Ty = {x(m(m))m|m € T}, ¢(m) = ¢(m)x(m(m))"".

The last equality follows from the representation

m = ¢(m)kg(m) = d(m)x(m(m)) " x(m(m))ky(m).

As a result we have proved the following Lemma.

Lemma 3. Fiz a section s € T'(w), corresponding equivariant G-frame ¢ and submanifold
[. The mapping MS — Cong(M) defined by x — 1¥(m) = ¢(m)x(7(m))~" is a bijection
of the gauge group ME onto the set of all equivariant connections.

If the action of G is free, it is customary to consider the connection form w as the form
with values in the Lie algebra g. This form is defined by the left Maurer-Cartan form 7
on G via

Wy = (b*T .

Recall that the curvature (Frobenius) form of the transversal connection # is the map-
ping ¥ : HxH — F: V(X,)Y), = P,[X,Y], [11, Section 1.5]. The form ¥ o hy €
A?T (M) ® F is called the curvature form of the connection w. Here hy is the projection
onto the horizontal subspace H,, at each point m € M. The local integrability of the
distribution H,, is equivalent to the nullity of the curvature form. In the case that the
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action of G is free and F is a G-orbit foliation, the curvature form €2, of the connection w
take values in the Lie algebra g and can be calculated by the structural equation, [8],

QUm)(X,Y) = du(m)(X,Y) + Lo(m)(X), w(m)(V)], m e M, X,Y € Tu(M).

Let p be a Riemannian metric on the manifold M. The metric p defines a corresponding
transversal connection o where the horizontal subspace is the p-orthogonal complement of
Vin = Tin(Fi). The vertical projection vy, of the connection « is orthogonal projection Pt
to the subspace T, (F). The connection « is called a mechanical connection in Hamiltonian
mechanics, [12].

Now we return to the general case of a foliated Riemannian manifold (M, p, F). The
metric p defines an operator norm || - || on the tangent space at a point m € M. Observe
that the norm || P,,|| of a projection P, : T,,(M) — V,, satisfies the inequality || P,| > 1
and that the orthogonal projection P. is the unique operator with norm one at each
point, [6]. As a result the mechanical connection is the unique pointwise minimizer of the
functional

Ep(w) = /D | PPV,

defined on the space Conz(M) for an arbitrary compact subset D C M. Here dV, is the
volume element defined by the metric p.

Definition 4. Let u € X(M) be a vector field on M. Let w be a transversal connection
with respect to a foliation F on M. Define the polarized energy of a connection w with
respect to u on the compact subset D via

ves () () ||

b vu(m)[]?
Definition 5. We call the critical points of the functional E, py(w) in the space Conz(M)

harmonic connections polarized by the vector field u. Points of mazximum of this functional
will be called optimal harmonic connections.

(3:2) B () = av,,

Remark 1. Points of minimum of the functional (3.2) are also of interest. In particular,
a pointwise minimum of E, p)y(w) satisfies w(u(m)) = 0 for all m € M. Geometrically this
means that the vector field u is w-horizontal.

Consider the evolution of w under the phase flow ¢' of the vector field w:
w = ¢™w
= diyw + t,dw
= i, dw
= dw(u, (hy, +v,)(4))
= Qu, ") + dw(u, v,(+)).

Thus, the evolution of the connection w under the phase flow ¢' is partly controlled by the
curvature €2 of the connection w.
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Suppose now that the foliation is by orbits of a free and proper action of a Lie group G.

If the connection w is globally integrable and G-equivariant, i.e. given by an equivariant
G-frame ¢ : M — G:

w(m) = Tp(¢~ (¢(m)) = ¢"7,
for a surjective mapping ¢ : M — G where 77, is the left Maurer-Cartan form on G, then

the curvature €2 vanishes.
Let us prove now that dw(u,v,(X)) = 0 for all vectors X € T,,,(M). We have

(3-3) dw(u, §) = u-w(§) — & wlu) —w([u,§])

for £ = v, (X) an arbitrary vector field tangent to G orbits. First note that the term &-w(u)
vanishes since w(u) = 0. Now, the expression (3.3) is linear in &, so it is sufficient to prove
it is zero for & = ny, n € g. For such &, w(€) = w(ny) = n due to the equivariance of
¢, so the first term in (3.3) vanishes. Finally, since G is a symmetry of the vector field
u, [Maryu] = —Ly,,u = 0, so the last term in (3.3) vanishes as well. As a result we have
proved

M

Proposition 1. Let ¢ : M — G be an equivariant G-frame that delivers a pointwise zero
minimum to the polarized energy functional (3.2). Then the Maurer-Cartan connection
Wy = ¢* (1) is invariant under the flow of the vector field u:

d}¢ :Euw = 0.

This demonstrates the relation of the polarized energy functional to the integrals of
motion of the flow ¢'. This also motivates an interest in studying the maxima of the
functional (3.2).

4. POINTWISE OPTIMAL HARMONIC CONNECTIONS

As the starting point in the study of harmonic connections for a vector field u we consider
the problem of pointwise maximization of the density of the functional (3.2). That is, we
ask if there exists a subspace H,, C T,,(M) complementary to V,, that maximizes the
density function

i, )
lozl
Here v is the projection in T, (M) onto V,, with kernel H,, and ||vZ || denotes the operator

norm, in the space Hom(T,,(M), V;,), induced by the Riemannian metric. This is a problem
of linear algebra. We begin with the following lemma.

Lemma 4. Let: P: E — E be projection in a Fuclidean vector space (E, p). Let (W, p) be
an P-invariant subspace of E such that Im(P) & W. Denote by Py the projection equal
to P on W and zero on the orthogonal complement W+ to W in E. Then |Pw| < || P|,
where || - || is the operator norm induced by p.

Proof. Let u = uy +u* denote the direct sum decomposition of a vectoru € £ = WOW .

P 2
Recall the definition ||P||* = sup | u|2] . Then,
weEu£0 ||ull
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Pyull?
IPwlp= s LRl
u=uw +uteWaow-t ||U||
_ . | P |
w4t ewow L, wyo |[uwl]? + [lut |
P 2
< sup —H UW|2|
u=uw €W ||UW||
| Pul|? >
< = || P[".

2
u€EE,u#0 ||’LLH

Remark 2. The case W = I'm(P) is not excluded from the above Lemma.

Let w be any connection. Denote by wy the connection constructed at each point m € M
as in Lemma 4 with W = W,, =V, & Ru(m). It is possible that u(m) € V,,, in which
case W = V,,. It is clear that m — wy (m) depends smoothly on the point m and that
the projection v, associated to the connection wyy satisfies vy, ,, (u(m)) = vy m(u(m)) at
each point m.

Considering the polarized energy functional E, py(w) we see that E, py(w) < Eq,py(ww),
since pointwise we have

v (u(m)I? _ Jlos (u(m))|?
fol> = flow" |

Therefore to find the points of maximum of this functional we may restrict to the subset
of connections Conz(M) with the property w|y. = 0.

Remark 3. If, in addition, the metric p and the connection w are invariant under an
action of a Lie Group G, acting on M and preserving the foliation F, then g'u € Ru+TF
and it follows from this that the connection wy, is G-invariant as well.

Our first goal is to calculate the denominator ||[v“ || in the expression for the polarized
energy density. As a reminder, the norm employed here is the operator norm defined by the
norm generated by the metric p in T,,,(M). Let u(m) = u*(m) + u°(m) be the orthogonal
decomposition of the vector u(m) in T;,(M) =V,, & VL.

In the following, we fix a point m € M and refrain from reference to m to simplify
notation. Also, denote the projection v*" by P. Assume that the vectors u,u’ and Put
are linearly independent and let K be the three-dimensional subspace of W spanned by
these vectors. Note that since Pu = Put 4 u°, this is the same subspace as spanned by
v, ut and Pu. Denote by V; the subspace of V orthogonal to the vectors Pu* and u°.

Then we have the orthogonal decomposition:

T.(M)=Vo& Ko W
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Corresponding to this decomposition and choosing a basis in the linear span span{u®, Pu*} C
K accordingly, we get a representation of the projection P in block-diagonal form:

E, o 0 0
1 0 N
(4.1) P=| 0o pm=[01 X 0
0 0 1
0 Op—k—1

Since p restricts to a symmetric bilinear form on Vy, K and W+, orthogonal transforma-
tions may be made in each subspace to diagonalize p. Thus one may choose an orthonormal
basis e; in all three subspaces such that the metric p takes the form p(u,v) = Y, c?v;u; for
some positive coefficients ¢;. In this new basis the matrix for P has the form

Ei_o 0 0
QTPQ = 0  Q3PQs 0 :
0 0 On—k—1

where () and @3 give the change of basis that diagonalizes p in the spaces T,,(M) and K,
respectively.

In the basis f; = ¢;e; the scalar product p has the canonical Euclidean form p(v, w) =
>, viw; and the matrix for P becomes P, = C1QTPQC, where C is the diagonal matrix
with diagonal entries ¢; . Since p has Euclidean form in the basis f;, the operator norm
of the projection P may be computed as the spectral norm of the matrix P;, that is,
| P]|?> = max{u| p is an eigenvalue of Py P,}. Because they are related by a similarity, the
eigenvalues of P P; are the same as those of P*P. The matrix P*P in the basis from (4.1)
has the following block diagonal form:

E, 5 0 0
PP = 0 PP 0
0 0 Opk
Thus it remains only to compute the eigenvalues of Pj Ps.
Let e1,eo and ez be the orthonormal basis of K such that u® = |[u%||e;, and ut = ||ut||es.
Let Pes = ey +neq, then Put = |Jut||(€er +nes) and Pu = u” + Put. In the basis e;, the
matrix of Ps is

1 0 ¢
P3 = 01 ni,
000
and
1 0 13
P;P;=10 1 n
£ n &+
The eigenvalues of this matrix are 1,0, and 1+ &2 +n?. As a result, the square of the norm
of the projection P is 1 + &2 +n% On the other hand, £2 4 n? = ”ﬁﬂ%ﬁ.

Now we return to the assumption that the vectors u,u*, Pu' are linearly independent.
If they are not linearly independent there are two possibilities: u® = 0 or Put = \u’.
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Assume first that u® = 0. Choose a basis {e;, e2} for K (now two dimensional) such that
ut = ||ut|les and write Pey = Eey. The matrix for the projection restricted to K is now

_ (1€
ne (19,

PP, = (g 52)
|| Put|?

has eigenvalues 0 and 1 + £2. On the other hand, £? = TN

Now assume that Put = AMu®. Choose a basis {e;, ez} for K such that u® = ||u°||e; and
ut = ||ut|les. Write Pey = £e;. The matrix for the projection restricted to K is again

1€
n=(g 5)
00
| Pt

Noting that &2 = Iz e arrive at the same expression as the previous cases.
We have proved the following lemma.

Thus

Lemma 5. Let m, u, and W be as in the above discussion. Then

o
o =14 4
g Jur P

We now use the expression from this lemma to calculate the point-wise supremum of
the energy functional. The result is the following:

Proposition 2. Let u = u® + ut. Assume that ||ut|| # 0. Then

v ull®

w onll?

= [lu’[* + flu]®

If u® = 0, this supremum is not achieved by any choice of connection w, but approached as
|lvout|] — oo. If u® # 0, there is a unique connection that gives the supremum.

Proof. Without loss of generality we restrict to connections w with vertical projections v
non-zero only on the subspace W = V @& Ru. Again, reference to the point m € M is
dropped. By Lemma 5,

v u |

o) = 1+
(12

Thus we wish to find the supremum over all choices of connection w of the expression
lvul® P ol

1 P P+ ot 2
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Since u® € V, v*(u) = u® + v*ut. Write v*u’ = w + Au® where A € R and p(w,u’) = 0.
Then
lutPlovwl® _ flut P e + vout |
lut 12 + losut 2 flut |2 + [loeut |2
_ et Pl + w + A
P w4 a2

et 2 ((A 122 + kuZ)

[ut ]2 + [l + Aflu®]?

Clearly, A and w determine the choice of w. Employ the notation p? = ||w|*, A = |Ju
and B = |[u’]|?2. We are then searching for the following supremum

(A+1)2AB + p2A
4.2
(42) Silf A+ 2+ MNB

where A > 0 and B > 0. If B = ||[u°||> = 0, that is u’ = 0, the expression becomes

Ap?
sup .
w A+ p?

LHQ

It is simple to verify for this expression that the supremum is A = ||ut||?,
1 — 0o. We may thus assume that B # 0.
Returning to (4.2), computing the partial derivatives with respect to p and A we arrive

at the following conditions for critical points:

(4.3a) 20\ + 1)AB(A+ p? + N°B) — (A + 1)?AB + p2A)2)B = 0,

approached as

(4.3b) 2uA(A+ 1” + NB) — (A +1)°AB + p>A)2u = 0.
If i # 0, we may conclude from (4.3b) that
A(A+ 12+ XNB) = (A +1)?AB + p*A),
which, being substituted into (4.3a), allows us to conclude, since A # 0 and (A + pu? +
A2B) # 0, that
2(A+1)B =2\B.

Since we have assumed B # 0, this equality is clearly impossible for any A to satisfy. We
are forced to conclude that if B # 0, u = 0.
Assuming that u = 0, the expression (4.2) becomes

(A +1)24AB
4.4 —_—
(1) o
Notice that as A\ — oo, this expression tends to A. The condition for critical points is
2(A+1)AB(A + X?B) — 2AB(\ + 1)?AB = 0,

or more simply

A+ 1D (A+NB) = ABA+1)* =0.
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If A+ 1 = 0, the expression (4.4) is 0, which cannot possibly be the supremum, so we
assume A + 1 # 0 and arrive at the condition
A+ NB=\A+1)B,
that is A = A/B. Put this into expression (4.4) to conclude that
(A +1)2AB
~————=A+1B
Slip A+ \2B 5

and thus finally that
(A+1)24AB + p*A
sup

=A+B.
A A‘I‘MZ"‘)\QB

O

Corollary 1. Let u = u®+ut as above and assume u® # 0. Let w be the connection giving
the mazimum calculated above. Then

. R
= 1+ e )1

v?(u) = v (u’ +ut) = u + v+ M,
but we concluded that ¢ =0 (so v = 0) and that A = %, SO

12
W v+ 2l = 1+M u’.
[0

Proof. A calculation:

O

We now write down an expression for the maximal connection found above. In a local
frame {X;} of the subbundle TF C T'(M), we may specify a connection w by its vertical
projection v, which may be written

k
v = E Xi®w,-,
=1

where w; € Q'(U) (U a neighborhood of m) are scalar 1-forms. At the same time each
form w; can be represented as

wi(X) = p(X, Z;)
where the vector fields Z; are uniquely defined on U. If w € Conz(M) then Z;(m) € W,
for all m. The following proposition gives an expression for the Z; in the case of the
maximal connection.

Proposition 3. Assume that u® # 0. Let X; be a basis for V.C T,,(M) and Y; a basis for
V' dual to X; with respect to p. The vertical projection for the maximal connection found
above is given by

v (-) = ZP(': Zi) @ X,

where ‘
uO’L J_
Z;i=Y, + ——u.
B ([T
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Proof. Let w € V & Ru and write
w = Z a; X; + \u.

Then
Za X4+ A ” I
Z e )"
Now, u® = > p(u, ;) X;, so

v(w) =) [ai + Ap(u,Y;) (1 + |||’l;‘|||22 )]X

Also, w — Au =Y. o, X;, so
& = p(w - /\U,E) = p(w, }/l) - )\p(u, Y;)’
and thus

) = 37 [t 300039+ 300039 (15 i )
_Z[ 010+ a0t i)

But, since p(w,ut) = M|ut||?,

@) =3 029 40,V ()] X
X (134 o ).

What is left is to notice that p(u,Y;) = p(u°,Y;) = u%. O

Remark 4. We introduced above a local basis of the vector fields X;, ¢ = 1,...k tangent
to the foliation F and the local basis Y; of vector fields on the same foliation dual to the
basis X; via the metric p: p(X;,Y;) = d;;. We could here use an orthonormal basis of V,,,.
But later we will pick X; = &3, where &; is some basis of the Lie algebra g under the action

mapping g — 1;, M, and this basis is not necessary orthonormal.
We summarize the results of this section in the following theorem.

Theorem 1. Let (M, p) be a Riemannian manifold of dimension n and F a foliation of
dimension k in M. Let X; be a basis of V,, = T,,F and Y; a basis of V,,, dual to X; with
respect to p, so that p(X;,Y;) = &;;.

Let u(m) = u®(m)+ut(m) be the orthogonal decomposition of a vector u(m) € T,,(M) =
Vi@V and assume ut(m) # 0. For any pointm € M one of the following two alternatives
1S true:

I°

(1) u’(m) = 0. The supremum of the polarized energy density is |[u*(m)||* and is

approached as ||[v*ut|] — oo.



POLARIZED HARMONIC MAPPINGS AND OPTIMAL MOVING FRAMES 13

(2) u®(m) # 0. The supremum of the polarized energy density is [[u(m)||*> = |lu’t(m)|*+
|u®(m)||?, achieved at a unique mazimal connection w, whose vertical projection is
given by

(4.5) vt (+) = ZP(': Zi(m)) ® X;(m)

where

qu

[

(4.6) Zi(m) =Y;(m) + ut(m).

Corollary 2. The horizontal subspace of the connection w, at a point m € M 1is the linear
span of the subspace W+ orthogonal to the subspace W = (V,u) and the vector

[[u®(m)||? I DR COTE

Proof. Let & = &'X; + &ut + & w; € T,,(M) be a tangent vector, here w; is a basis of W+.
Then,

=3 (€ + e ) e

k

Equating to zero each component of last sum we express the coefficients ¢* through &%
¢k = l[ut (m)|? Ok g

ICDIE . The conclusion follows immediately. 0
Remark 5. The maximal connection w, depends on the direction of the vector field u but
not on its magnitude; the expressions (4.6) for the vector fields Z; are invariant with respect
to the multiplication of w by any smooth non-zero function f(m): u(m) — f(m)u(m).
Thus, the connection w, is defined by the direction field, or linear subbundle Ru of the
tangent bundle 7'(X) rather than the vector field u itself.

Remark 6. Generically, for a vector field u, u®(m) # 0. As a result, generically, the
maximal connection w, exists, is unique, and may have singularities at the points where
0

u” = 0.
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5. CONNECTIONS ON A PRINCIPAL BUNDLE

In this section we discuss a special case of Section 3 where the foliation F is formed by
the orbits of a free action of a compact Lie group G preserving the metric p. The manifold
M is, in this case, a principal G-bundle over the manifold M’ = M /G. In this case there is
a canonically defined connection o with horizontal space at each point orthogonal to the
tangent space of a G-orbit: H,, = g-. Although this connection, known as the mechanical
connection, looks trivial, its relation to other structures present, e.g. the momentum map
J of the lift of the G-action to the cotangent bundle 7%(M), the Legendre transformation
L:T(M)— T*(M), etc., leads to beautiful and useful results, [4,5,13].

We begin by identifying the connection form « of the mechanical connection with the
g-valued 1-form a on M and give a formula for w,(m) in terms of o and the one-form
corresponding to the vector field u. After that we calculate the curvature of this maximal
connection wy,.

First notice that if G acts by isometries of the metric p then the connection « is G-
equivariant. The same is true for the maximal connection w,. To see this we start with
the simple case of a free action of a connected abelian Lie group.

Lemma 6. Let G be a connected abelian Lie group acting by isometries of the metric p
and let u be a G-invariant vector field: g,u = w. Then the mazimal connection w, 1S
G-invariant.

Proof. For m € M, g € G and £ € g we have

g exp(t§)m = exp(Ad,&)m.
Taking the derivative by t at t = 0 we get

Gem&nr(m) = Ady(E)a(gm).

In the abelian case this proves that the vector field &, is equivariant. Choosing a basis &;
of the Lie algebra g we may take X; = &5, in the formulation of Theorem 1 to ensure that
vector fields X; are G-invariant. Since G acts by isometries, the Y; are G-invariant as well.
The decomposition u = u® + u* is also G-invariant. As a result, all terms in the formula
for the connection form w, are G-invariant, so the form is G-invariant. O

Proposition 4. Suppose the foliation F is defined by an action of a Lie group G with all
orbits having the same dimension. Then, the maximal connection w, is G-invariant.

Proof. Let g € G, m € M. Since u is G-invariant, g,,u(m) = u(gm). Since g preserves
the orbit Gm and acts by isometries of metric p, it preserves the orthogonal decomposition
u=u’+ut:

0

Gemt’(m) = Ug,,, and Gemu (M) = ur(gm).

In particular, in the formula (4.6), ||[u®(gm)||* = [Ju®(m)|*.

On the other hand, if {X;(y)} is an orthonormal frame of g, in a neighborhood of the
point m, then {g.,X;(y)} is an orthonormal frame of g,, in a neighborhood of the point
gm. It is clear that the vector fields g.,Yi(y) are dual to {g.,X;i(y)} basis of the tangent
space to the orbit g,4, in the same neighborhood of gm. Writing the projection v**(gm) in
the basis {g.,X;(y)} we get
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v (gm)() = 3o, Zilgm)) @ gumXi(m),

where
1 1
Zi(gm) = gumYi(m) + Huo(gmmw(g*mifi(m%U(gm))u (gm)
— G Yi(m) + mmgmmm), Gem (1)) gomt* ()
1 1

= o (50 + i) i) o)

= GemZi(m).
As a result,

v (gm)(€) = Z P&, GemZi(1M)) @ Gurm X ()

= Gum (Z p(gim&, Zi(m)) ® Xi(m))

= Gam (v (M) (g:1n8))
= (gemv=(m)) (£)-

15

O

Let & be a basis of the Lie algebra g. As before, choose a basis X; of the subspace g,,
of the form X;(m) = &n(m). Recall the notation b : T(M) — T*(M) for index lowering

induced by the metric p.

Recall that the vertical projection of the connection « is the orthogonal projection to the
tangent space to G-orbits: v, = P, and horizontal projection is the orthogonal projection:

he = I — P*. Therefore,
a(=)=> p(Yi,—) @&

Combining this expression with the formulas (4.5), (4.6) we arrive at the g-valued con-

nection form

walm)(=) = a(=) + Waw ®ut (-

uO’L

=a(-) + WUL (=) ® &,

Note that w, = a at the points where ut = 0.
Corollary 3. If u(m) € T,,,(Gm) (i.e. u(m) is tangent to G-orbits), then

Wy = Q.
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To get an expression for the curvature €, (m) of the maximal connection w,, in terms of
the curvature Q¢ of the mechanical connection @ we employ the structural equation [8],

Q,(m)(X,Y) = dwy(m)(X,Y) + [wg(m)(X% wau(m)(Y)]

= da(X, Y)+d(|| yITE ﬂ@@-) (X,Y)

+ [a(X) + “—Oiulb(x)fi a(Y) + “—Ojuibmg
(1) TEE ) g
07 05
=0 Y) (i ()) (X6 + 00,61 g ()
07 02 05

u u

+ &, a(Y)JHZWMm + Tt e 06 &)

Let XF = p(X,Y},) and Y* = p(Y)Y}). We simplify the last three terms in (5.1) as
follows:
0j 0j

u u

b
[a(X),é’j]Wu (Y) = Wﬂ( )X 8,
uOi ,U/O’L
[&»Oé(y)]WUD(X):—WP(UL X)Y¥q.&,
07 07

u u

WWUD(X)U“(Y)[&,&] =0,

k

where ¢;; are the structural constants of g, and we have used the identities

uLb(X> = p(uL7X)7 [gzafj] = ijfk) OC(X) = ngka OZ(Y) - kak:)
[Oé(X), 6]] - ij&, [517 Oé(Y)] vF lk&
The final simplification follows from the antisymmetry of the bracket [¢;, {;]. For the second
term after the last equality in (5.1) we have
1 () (V) = [X - (st v)
[P AT et
w0 uY

- (gl X)) — T LY, YJ)}@.

Collecting these simplifications together we get an expression for the curvature of the
maximal connection:

Q,(m)(X,Y) = Qa(m)(X, Y) | |

X (el V) = ¥ (e, X)) - et X YD) &

u®? 1 k u” 1 k
+ Wﬁ(u ,Y)X Ck]_Wp(u ,X)Y Ckz 5

Note that for an abelian Lie group G last two terms in this expression vanish.
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Recall that the vanishing of the curvature is a necessary and locally sufficient condition
for integrability of a connection. As a result we get

Proposition 5. Let a foliation F be defined by the action of a Lie group G i.e. F,, = Gm
by an action with one type of orbits G/K. Let a be the mechanical connection in (M, p).
The maximal connection w, s locally integrable if and only if

(5.2) Qu = Qo+ d(|a”] 2’ © u* ) + | o (=), u’] Aut = 0.

To compare the curvatures €2, and €2, of the mechanical and maximal connections,
respectively, it is sufficient to consider the cases where arguments of the curvature form
are either pairs of w,-horizontal (local) vector fields X,Y € W+ or pairs X € W uy =
ut — H‘fﬁfﬂffﬂj u% Xj. In fact, using formula (5.2) one can consider (X € W+, u't) instead
of the last pair. We summarize these cases in the following Corollary.

Corollary 4.
(1) For a pair (X,Y) with X, Y € W+,

qu

Qwu(m)(X7 Y) = Qa<m>(X7 Y) - Wp(uLa [X7 Y])fz

(2) For a pair (X,uy) with X € W+,
L, (m) (X, up) = Qa(m) (X, up)
W W0
+ [X ’ <||u0||2||uL||2) - ||u0||2p(UL, [X7 uH]>:| fz
(3) The connection w, is flat if and only if, for all XY € W+,

(5.3) Qo(m)(X,Y) = [’ p(u, [X, Y])u"E,
and for all X € W+

01

u u®
5 Oulm(Xown) = | X (gl ?) - et )| 6
Proof. The first statement follows directly from (5.2) where we use p(u*, X) = p(ut,Y) =
0. For the second statement we use in (5.2) p(ut, X) = 0 and the fact that, for X € W+,
the coefficients X* = p(X,Y}) are zero. We also use the formula p(ut,ug) = [Jut||>. The
third statement follows directly from the first two.

Example 1. Consider the case where there exists a G-frame ¢ : M — G and the orthogo-
nal complement V.- = T,,,(Gm)* with respect to the metric p is integrable. The mechanical
connection « is then flat: €, = 0. The conditions for flatness of the connection w, take
the form

(5.5) plut, (X, YDu’ =0, X, Y eWt

and

[ut? o u” L L L
(5.6) X | +—=5u") + plum, [X,u"])| =0, XeW-.

J[u®]]? [[u®]?
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The component u° is generically nonzero. Therefore, the condition (5.5) generically takes
the form

p(ut,[X,Y]) =0, X, Y €W

In other words, the distribution W+ is integrable.

Example 2. Suppose that G is one-dimensional. Let & € g and &), the corresponding
vector field on M. Denote by &y the dual basis of the distribution V, i.e. the vector
field defined by p(€ar,€a) = 1. We consider the distribution W generated by the vector
fields u, &ys. This distribution is 2-dimensional at points where ut # 0. As before, let
v = u® + ut be the orthogonal decomposition of the vector field u. Introduce another
vector & = u® — ut. The vectors u, @ form a basis for W at the (generic) points where
ut # 0 and u® # 0. Denote by M,., this open subset of points where both ut # 0 and
u® # 0.

Let C be the complex plane with coordinate z = s+t and recall the complex derivatives
0, = %(85 —i0y), 0; = %(83 +140,). Choose a point mg € M and let v : C — M be given
by

v(s +it) = exp(s - u®) exp(t - u)my,
where exp(s - u°) and exp(t - ut) are one-parameter groups of the phase flows of vector
fields u° and u™ respectively. This mapping defines a foliation C by 2-dimensional surfaces
in Mge,; each of these surfaces being endowed with the complex structure inherited from
C. The distribution of tangent bundles to the leaves of this foliation coincide with the
distribution W: T'(C,,) = W,,. In the leaves of this foliation the tangent mapping ~. acts
as

1) =u’, (@) =ut, @) =u, n(0:) =0

As a result, u and @ generate holomorphic and anti-holomorphic sub-distributions of W in
the decomposition

T(C) = Hole & AHole.

We now return to the conditions (5.3), (5.4) for the flatness of the connection w,. Recall
that for the mechanical connection «, its V-valued curvature form is defined by

Qq (Xv Y) = projy ([hoeX7 ho&Y])

for vector fields X, Y € X(M). Here projy, is the p-orthogonal projection to the distribution
V and h, = I — projy is the a-horizontal projection to V4. In our one dimensional case,

projy X = p(X, &ur)€ar Thus,
(5.7) Qo(m)(X,Y) = p([ha X, haY ], En)én, X, Y € X(M).

Using this and the facts that houy = vt and h, X = X for all X € W+, and omitting the
basis vector &), we rewrite conditions (5.3), (5.4) as

(5.8) p(X, Y], 6n) = [0 2p(ut, [X Y], X, Y € W

and

. 0 0
DX, M, Enr) = — {x (”;‘Wuuw) - e )| X e
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Here @° = u%&,,. Using [|@°))? = (u®)?||€x]|? and €y = [[€0s]|72€0s in (5.7) we find that
: 1 L L
P (fM— —— ,[X,Y]> =0, X,)YeW
u®l|Ear |2

if and only if
p(u’ —ut [X,Y]) =0, X,YeWt
To transform the second condition (5.8) we notice that

a0l
(X, ug] = [X,ut — TEE Em)
w2y, P
=X u]-X [ -1 — X .
ot = () e+ U b

Since G acts by isometries and leaves the distribution W invariant, it leaves invariant
the orthogonal complement W+. Therefore [X, &y € W and thus p(ut, [X,&y]) = 0.
Additionally, p(u*, &y) = 0. Therefore,

0
u L B 1 . |
HUOHZP(U X ugl]) = Wp(u X u]).
We use this to rewrite the condition (5.8) in the form
p <5M - ;ul [X ul]) = _—X. (M) X ewt
wliénlz T Wfewl?) |
or
12
w’ —ut, (X, ut]) = —u’ °X - (—Hu | ) , X eWwt,
P o) = =l e

Notice now that the connection w, depends on the direction of the vector field v but not
on its magnitude. Thus, scaling the vector field u, i.e. multiplying both u° and u* by the
same nonzero function f(m), we may fulfill the condition
i o _ Jutl?

WOllémll® 1€ (1%
We assume for the rest of this example (5.9) is satisfied. The second condition (5.8) of
flatness then takes the form

(5.9)

p(a’ —ut, [ X, ut]) = 0.
Thus, finally, we get a simplified condition of flatness of the form
p(@® —ut [ X,Y]) =0 and p(a’ —ut, [X,u]) =0 XY W™
We can replace the condition X,Y € W+ to arrive at one flatness condition
plut =@ [X,Y]) =0, X, Y eVt
We summarize this discussion in the following Theorem.

Theorem 2. Let dim(G) = 1 and let C be the foliation by complex curves of the (open)
submanifold My, of generic points of manifold M. The following properties are equivalent:

(]‘> Qu|Mgen = 07
0 L
(2) [X,Y] € Wh @ Ro, v = fitut + el Xy eV,
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(3) Let Dg C T(M) be the distribution generated by the brackets [X,Y], X, Y € V+.
Then
p(X,u) =0, X € Dg.
(4) Qu(X,Y) € Hole mod W+, XY e Wt
If Mgye,, is dense in M, one can replace Mgy, by M in the statement above.

Note that the distribution V+ has codimension 1 and the distribution D¢ contains V+.

6. POLARIZED HARMONIC MAPPINGS

Let (M, p), (N,o), m > n be Riemannian manifolds of dimensions m and n respectively.
Let u € X(M) be a vector field. For any smooth mapping ¢ : M — N without critical
points introduce the following polarized energy density at the point m € M:

N (u(m)I7
(6.1) cu(d)(m) = lomlE,

where ¢.p, @ T(M) — Tyiny(N) is the linear mapping from 75, (M) with metric p into
Ty(m)(IN) with metric 0. Here we consider ¢, as the section of the induced vector bundle
¢, € D(T*(M)® ¢ (TN)). Correspondingly, we define the total u-polarized energy of the

mapping ¢ as
(62) B0) = [ eu(o)myim,

where the volume element on M is defined by the metric p.

Definition 6. The mapping ¢ € C*°(M,N) is called a polarized harmonic mapping if it
is a point of maximum of the polarized energy functional E,(¢).

Remark 7. Note that the functional of u-polarized energy may have points of minimum
since any mapping ¢ that annihilates the vector field © must be a point of absolute minimum
since E,(¢) > 0. It is interesting to note that the condition ¢.(u) = 0 is equivalent to
the condition that all components of the mapping ¢ are integrals of motion defined by the
vector field u. So, we have

Lemma 7. The points of absolute minimum of the functional of polarized energy E,(¢)
are exactly the integrals of motion of u.

The existence of points of maximum is not obvious. Nevertheless we have the following
local estimate valid for any compact subset U C M:

/Ueu(czﬁ)(m)dm < Vol(U) sup (fJu(m)]|,)-

meU

Remark 8. Let A € C*°(M) be any smooth nowhere zero function and let v(m) = A(m) -
u(m) be the vector field obtained by dilation by A(m). Then e,(¢)(m) = |A(m)[*e,(4)(m).
By changing the metric p into the conformally equivalent metric pu(m)p for a smooth,
stricly positive function g € C®(M), we get a new volume element p™?dm and, as a
result,

6U7MP<¢) (m)dmup =\ Hn/2+1€u,p(¢) (m)dmp.
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Therefore, dilating v by a non-zero positive function A is equivalent to the changing the
metric on M into another that is conformally equivalent.

Example 3. Take N = R with the standard metric. Then for a function ¢ : M — R we

e - o(m)
u-p(m
eu(9)(m) = 575
IVo(m)|?
Since u - ¢(m) = (u, V@), the maximum of density of polarized energy is achieved if

V¢ = A(m)u for a function A € C>=(M). Denote by v’ € Q(M) the 1-form corresponding
to the vector field u € X (M) via linear isomorphism 7,,,(M) =< T (M) defined by the
metric p. Then the vector field A(m)u is (locally) the gradient of a function if and only if
d(X-u”) = 0. A necessary (but not sufficient) condition for the existence of the integrating
factor is the Frobenius condition du’ A u’ = 0.

Example 4. Take M = S', parametrized by the angle 0, and let u(f) = f(0)9y. Then
eu(¢) = f(0)% So all the mappings are points of maximum and minimum at the same
time. This illustrates the purpose of the condition that m > n.

7. HAMILTONIAN SYSTEMS ON ALMOST KAHLER MANIFOLDS

Let (M, J,w) be a positive almost Kéhler manifold. Here J is an almost complex struc-
ture on the manifold M, w is a symplectic form on M such that the symmetric bilinear
form p(w,v) = w(v, Jw) is positive definite (so p is a Riemannian metric).

Let ® : G — Diff); be a left action of a Lie group G that preserves both complex and
symplectic structures (and thus also preserves p.) Endow G with a left invariant metric
o and fix a o-orthonormal basis {X;},i = 1,...,k, of the Lie algebra g. Denote by X,
the corresponding left invariant vector fields on G. Finally, let u = £y = JVH be the
Hamiltonian vector field with Hamiltonian function H, and suppose that H is G-invariant
(i.e. H(gm) = H(m) for all m € M, g € G). Under the hypothesis that G is compact and
abelian, we have the following Theorem.

Theorem 3. Let G be compact and abelian (i.e. a k-dimensional torus), acting on M
by complex symplectic diffeomorphisms, let w = JVH be a Hamiltonian vector field with
Hamiltonian H an invariant harmonic function on M. Then a mapping

i=k

i=1
is a polarized harmonic mapping if Vli; = N\;- JVH,i = 1...k for some \; € C°(M). This
maximum value of the polarized energy functional is equal to fM p(&m, Ep)dm.

Proof. Let ¢ : M — G be a smooth mapping, m € M an arbitrary point and u € X' (M) a
vector field in M. To calculate ¢.,,(u(m)), we write ¢ as an exponential

p(m) = exp(li(m) X,).
Let t — g'm be the phase curve u passing through m. Then

onlulm) = | olg'm).
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For small ¢,
(g'm) = exp(l'(m + tu(m) + o(t))X;)
= exp(I'(m)X; + t(u - 1'(m))X; + o(t)).
Recall now the formula (see e.g. [7])
e’ —1
s

exp(X 4+ tY) exp(—X) = exp(ta(adX)Y +o(t)), a(s)=
Taking the inverse of this formula with replacements X +— —X,Y — —Y we get
exp(—X) exp(X + tY) = exp(—ta(adX)Y + o(t)).
Applying this formula for X = I*(m)X;,Y = (u - I/(m))X;, we get

¢(g'm) = exp (I'(m)X;) exp (= t(u - U'(m))a(ad(V (m)X;))X; + o(t))
= Lg(m) €xp ( —t(u-I'(m))alad(l? (m)X;))X; + o t))
Taking the derivative by t at t = 0 we get

Gum(u(m)) = —Lomyse((u - I'(m))a(ad(F (m) X;)) X;).

Since G = T* is a torus, a(X) = Id, and the last formula take simple form

Gum(u(m)) = = Lomyee ((w - 1'(m)) Xi) = —(u - (M) Xigsim)-

In particular,

G (U Zp (VIi(m), u(m)) Xigom)

_ Z p(Vi;(m), JVH(m)) Xigm)-

Using the orthogonality of the left invariant vector fields X; with respect to the left-
invariant metric o on G we get

G (u(m)) |2 = Z\pw ), JVH (m))[%.

Therefore at a point m € M,
|G (u(m)) 12

eu(9)(m) = | GumllZ

_ X p(Vhi(m), TV H(m))*

6= ()]
SUPv2£0 o (m)||2

Using the expression for the image of a vector field under the mapping ¢, and the fact
that the vector fields X; form an o-orthonormal basis at each point g € T* we get, for all
non-critical points of the Hamiltonian H,
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. s
6.7 = sup G2

1Y X 12
— sup 157 (v - 1) X
v#£0 p(v,v)
L 1.)2
— sup >i(v-1)
v#£0 p(U,U)
gy Zi POV 3 p(JVH, VL)
N ey p(JVH,JVH)

Combining (7.1) with the expression (6.1) for the energy density e,(¢)(m) we arrive at
the estimate:

(7.1)

cu($)(m) < p(JVH, JVH).
Following these arguments in the opposite order we see that at a non-critical point m of
the Hamiltonian H, the functional e, (¢)(m) of the mapping ¢ has a maximum at a mapping
p(m) = exp(D_,; li(m)X;) if and only if the linear mapping A,, : T,,,(M) — Tyum)(G) given

by v = 3. p(v, VI;) X; realizes its maximum norm sup, ”7“;"“”” in the direction of u(m), i.e.

v = A(m)JVH(m). Geometrically, this means that the ellipsoid {A4,,v : ||v|| = 1} has the
direction of u(m) as the direction of its major axis.
Thus, for VI; = \;JV H we get:

k
E A2p(JVH, JVH)?
eu(®)(m) = iz S N2p(JV H,p)
SUPy20 = ptow)
 p(JVH, JVH)?

p(JV Hv)?
SUPu£0 = ooy

= p(JVH,JVH),

since the supremum of this expression is achieved for the tangent vectors of the form
v = A-JVH at each nonsingular point m € M. Therefore, mappings defined as in the
formulation of Theorem 3 are points of absolute maximum of the polarized energy in the
domain D C M, given by the formula

up B,(0) = [ plen,u)im.
¢ D

Finally, we address the existence of the functions I’(m) defining the mapping ¢. Since
H is harmonic, it is the real part of a holomorphic function. Taking [ to be the conjugate
function to H, the Cauchy-Riemann equations VI = JV H are satisfied. ([l

Remark 9. We have many choices for the gradients VI; = \;JV H that deliver the absolute
maximum for energy density.

Remark 10. The arguments above are valid for any Poisson manifold with Poisson tensor
P and Hamiltonian vector field u = P - dH with Hamiltonian function H.
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Remark 11. Since \;(m)JVH = VI, for i = 1,.. .k, there are relations \;VI; = \; VI, for
i # j. This implies that [; is a function of /; and vice versa. Thus, for k£ > 1, the mappings
¢ in Theorem 3 are degenerate. Furthermore, if ¢y = exp(lp(m)X) : M — S, Viy = JVH
is a polarized harmonic mapping, then all other polarized harmonic mappings ¢ : M — S*

have the form ¢ = exp(l(m)X), VI = AJVH with A(m) = f(lop(m)) with some function f.

Lemma 8. Let k = 1. Denote by X the generator of an action of S* on M. Then the
mapping ¢ = exp(l(m)X) : M — S, VI = XNJVH defines an isometry along S* orbits if
and only if \(m) = —2

Proof. This follows immediately from the condition o(¢um(Xm), Gem(Xm) = o(X, X) and
the G-invariance of both metrics. 0J
From this Lemma and Remark 11, we see that if —2— = f(Im(#)) for some function

f, the polarized harmonic mapping ¢ : M — S defines an isometry along the orbits of the

St-action. In [9] this result was applied to the choice of centroidal rotational frame for a
system of point vortices. It was shown there that the choice of ¢(m) as the average angle
of the rotated system leads to interesting geometric simplifications in the representation of
trajectories of point vortices. In particular, in the rotating frame defined by this average
angle, so-called “asymptotic symmetry” in highly chaotic regions of the phase space is
explicitly observed.

8. EXAMPLE: POINT VORTICES IN THE PLANE

We now consider a well known problem from fluid mechanics, the motion of N point
vortices in the plane. See [1,2] for details and descriptions of the problem. We begin
with N points in the plane (x1,41),..., (zx,yny) at which there are singular vortices with
circulations I'q, ..., 'y respectively. The equations of motion for point vortex k will be

dr, 1 Z’Fj(yk_yj) and e _ 1 Z’Fj(xk—%‘)

dat o 7"]2'19 dt - o r?k

J J
where r% = (z; — 2x)? + (y; — yx)? and the primed sigma " indicates that one should
omit j = k from the summation. It is simple to verify that this is a Hamiltonian system
on R?N with symplectic form w =Y ;Ijdz; A dy; with Hamiltonian function

H= —iZ'rjrk log 7.
j.k
The Hamiltonian equations take the form
dx, OH dy, OH
s (9—yk and Fkﬁ = “or,

This problem may be rephrased as a Hamiltonian system on the Kihler manifold CV
with coordinates z, = T4 + Wa, Za = Toa — 1Yo and symplectic form

[ _
(8.1) w=g ; I',dz, N dZz,
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with Hamiltonian

1 /
(8.2) H = _Ezﬁ I'olglog |z — 25].
The equations of motion then take the complex form
2 OH
Rae = ™ A= s
I, 0z,

which is the coordinate statement of the invariant form Xy = JV H where J is the complex
structure.
Notice that the Lie group S* acts on C¥ via the diagonal action

e (21, .. an) e (€2, et ay)

and that this action preserves the symplectic form (8.1) and the complex structure. It is
also easy to see that the Hamiltonian (8.2) is invariant under this action.

Let 0/0t be the orthonormal basis for the Lie algebra of S given by the standard chart
t s €. As in Theorem 3, the mapping

0:CV = S 2 exp (( )gt) el

is a polarized harmonic mapping if [ is a function that satisfies VI = JVH. Since the
Hamiltonian H = —ﬁzaﬁlfaljg log |24 — 2p| is the real part of the holomorphic function

= =205 Tal'10g (20 — 2g) the function
1 /
[=Im(H) = - Eﬁ Fal'garg(za — 25)

satisfies the Cauchy-Riemann equations VI = JV H. Thus we conclude that the mapping
1:CN = SY d(z1,...,28) = ¢~ @r 2a,p Tal g arg(za—2p)

is a point of absolute maximum for the energy functional Ex, and thus a polarized har-
monic mapping for the Hamiltonian vector field X. The expression for this mapping may
be simplified; using i arg(z, — 23) = log(za — 25) — log |24 — 25| We obtain

i / 1 ’
_EZ; Lolgarg(zq — 25) = _Ezﬁ: Tols(log(za — 25) — log |20 — 25])

I, T,
_Z 5log —z/@—i—Z 47Tﬁ log |26 — 25]-

@,

Thus

e—ﬁ ;’BFaFgarg(za—zg) ZGZL,BTIC’E}(‘% z/g)-i—zaﬁ i 8 log |za— zg]

T'a
ez:x B 4w log |Za Zﬁ‘

T'a
s o 10g(za—2/3)

SHCEI
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We summarize this discussion in the following Proposition:

Proposition 6. Consider the Kahler manifold CN with usual complex structure J, sym-
plectic form w = 53 Tadzy A dz, and Hamiltonian vector field Xy associated to the
Hamiltonian H = —ﬁzaﬁlf‘afg log |24 — 25|. The mapping | : CN — ST given by
Talp
Hza — 28]\ T
I(z,... = —_—
(217 7ZN) g(za_zﬁ)

s then a point of mazimum of the functional Ex,. That s, | is a polarized harmonic
mapping for the vector field Xg.

It remains to discuss mappings which yield minimum values for the functional Ex, . As
previously discussed, a mapping will yield a minimum if and only if its components in local
coordinates are integrals of motion of the polarizing vector field. The existence of three
integrals of motion (in addition to the Hamiltonian) for the point vortex problem is well
known (see [1,10]). These integrals are

Q= ZFa(za +Zz,) P= Zfa(za —Z,) R= Zra|za|2.

Since a fourth integral is known generally not to exist, we may use these integrals to
construct all minima of the functional Ex,,.

9. EULER-LAGRANGE EQUATIONS

In this section we study the Euler-Lagrange equations associated to the polarized energy
functional (6.2). Throughout, we employ the notation used in [3]. Fix a mapping ¢ :
M — N and consider a l-parameter variation ¢, : M — N such that ¢y coincides with
the mapping ¢. Introduce the vector field v = ¢y € C*(¢~'(T'N)) along the variation,
where the vector bundle ¢! (T'N) is endowed with the metric induced by (N, o) and the
corresponding Levi-Civita connection V¢ (TN,

Differentiating the variation in the functional we have

o Euen) = / o eu(6y)dm,
t=0 M t=0
and
[6eum ()2
8t u t :at £
e N P
— o2 (at 16eam(a(m)I2 - eu() - 0 H%mn?) .
t=0 t=0
We may write
2
t txmllp — d y Px
o) o o1l =2 (0.0

= 0 (670 0 6.) — 670 (7).
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where dv = VTN is the covariant differential of a section v € T'(M, ¢~ (T'N), [5]. After
integration over M the first term after the last equality in (9.1) moves to the boundary
and, if v has a compact support, gives no input into the equation.

Following [3], we have

2 {du(u), do(u)) s+, = 2u - (v, do(w))y 1, — 2 (v, VTV do(u) )

As a result

Eu(¢t>

t=0

= [ oenl? (20 o)y = 2V o)

¢lo

O

+ eu(9)d* (i,¢ o0 d.) + eu(9)d o (v, 7y) )dm

= [ (210l (01 ) 2 io) ()
=2 (v, d6(w)) Ly (|6anl| ) dm = 2 6ul| 2 (v, VL TV d(u) ) dim
= [ (Lut2llomnl v dotmyam) 2o o Hdiv(udote)
L yeTN ( dgw) ) >>dm+ WD (o) (v,7) + d* (16~ 0 6,)) dm

|G| w [ @eml?

Here we use L,f = u- f =V, f for the Lie derivative with respect to u. Integrating the
Lie derivative gives zero if v has compact support. The same is true for the term containing
the coderivative d*. Therefore we get the following expression for the first variation of the
energy functional:

U di -1 d
> [ ||fz>*(f|)|f¢‘ ||<Z:|L|)2CW“)_V(lez (g et

As a result the Euler-Lagrange equation has the form

eu(9) div(u)

S o1y, do(u)
2 TornlF™ ™ TomalP22 V™ i ) =0
(67 = divtu)dst) — v ™ot + L g -

The Euler-Lagrange equation (9.2) has two obvious classes of solutions:

(1) Points of minimum, d¢(u) = 0. These are integrals of motion of w.
de(u)

5 18
[rox|

(2) If div(u) = 0 and ¢ is a harmonic mapping satisfying the condition that

covariantly constant along .
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Corollary 5. Let div(u) =0 and let ¢ : M — N be a harmom'c mapping Then ¢ satisfies
”¢ u|2 of the bundle p~*T'N is
covariantly constant along the vector field u with respect to the induced connection.

the Euler-Lagrange equation (9.2) if and only if the section

i? a 79
du®), (has,™ %,) on N we write the mapping ¢ : M — N

Using local coordinates (x dz') and the metric with the Levi-Civita connection

(gi5," T%;.) on M and (u®

Y auoc7
in coordinate form u® = ¢%(x), ¢. = do(z) = ¢%dz' @ a%. After some transformations we
get
viv’ v ¢a 0
do(v { EROTE vt NI | —.
= (Taop® 4" Gag) * Taop our

Using the expression for the Euler operator of the usual energy functional, [3, Section 2.5],
we get as the principal part of the operator

J(d) . .1 9 o
€ <¢> glj _ U’L,U] . -,

]2 Ox' O
and the symbol at the non-singular points z € M

o(x)(£,€) = en(9)g”&i&s — (v,6)*.
The quadratic form e,(4)g” — v’ is negative definite at the points where the energy

density is zero.
Consider the flat case, where ¢ : R™ — R™. Rewrite the symbol in the form

o(2)(€,€) = {evw) - <|§|2> } €2

We see that in the directions orthogonal to v the symbol is positive definite while along
the direction £ = v(z) of this field we have

(9-3) (2)(&,€) = [eu(9) — ()] [v(@)[.
The expression (9.3) is always nonpositive, and is zero only if the norm of the tangent

operator ¢, is achieved in the direction of v. We now summarize this discussion in the
following

Proposition 7. The Euler-Lagrange equation for the u-polarized energy functional is hy-
perbolic and the direction of propagation coincides with the direction of the wvector field
u.
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