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Outline

|. Post-critically finite (PCF) maps: definitions and examples
Il. Galois representations and finite ramification

[1l. A finiteness theorem for PCF maps over number fields:

Theorem (R. Benedetto, P. Ingram, RJ, A. Levy, 2013)

Letd,B € Z withd > 2 and B > 1. Up to conjugacy, there are
only finitely many PCF rational functions of degree d defined over
a number field of degree at most B, except for flexible Lattés maps.
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Post-critically finite maps

Setup
Examples

Let ¢ € C(z) be a rational function of degree d > 2.
Denote by ¢” the n-fold composition of ¢ with itself.

We say ¢ and v are conjugate if there is a Mobius transformation
f € PGLy(C) with fogo f~1 = .
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Post-critically finite maps Setup

Examples

Setup, continued

Riemann-Hurwitz: counting multiplicity, ¢ has 2d — 2 critical
points in P1(C).

Definition

The orbit of & € C under ¢ is the set

Os(a) = {a, é(a), ¢*(a), .. .}.

We say that ¢ is post-critically finite (PCF) if for every critical
point v of ¢, the orbit Oy(7) is finite.
Every conjugate of a PCF map is PCF.
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Post-critically finite maps S

Examples

SEIES

» ¢(z) = z9. Crity = {0,00}. 0+ 0, 00 — 0o

» ¢(z) =1/z%. Crity = {0,00}. 0 0o~ 0

> ¢(z) = 2% — 2. Crity = {0,00}. 0+ =2+ 2+ 2, 00 > 00
» ¢(z) = z% — 1. Crity = {0,00}. 0+ =1+ 0, co > o0

> ¢(2) = S04 (i = {0, 2}

O— —4+— —4/3— —4/3, -2 -1+ =2

> ¢(z) = XE2EEL (i, = 6.

4x3—4x
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Post-critically finite maps S

Examples

Lattes maps

We say ¢ € C(z) is a Lattés map if there is an elliptic curve E, a
morphism « : E — E, and a finite separable map 7 such that the
following diagram commutes:

E—* >F
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Post-critically finite maps S

Examples

Natural choices: let 7 be the double cover given by 7(P) = x(P),
and let a = [m].

The resulting maps are called flexible Lattés maps.
If « = [m] for fixed m, and E varies, we obtain a family of
non-conjugate maps.
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Post-critically finite maps S

Examples

Claim: ¢g , is PCF.

[m] is unramified, so critical points of ¢g ,, come from P # Q with

x(P) = x(Q) and [m]P = [m]Q.

x(P) =x(Q) = Q = —P, so want P # —P and [m]|P = [-m|P
i. e, want P e E[2m]\ E[2]
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Post-critically finite maps S

Examples

Thus Crity, . = {x(P) : P € E[2m]\ E[2]}.
For n>1,
PE,m(x(P)) = x([m"]P).
If P € E[2m]\ E[2], then [m"]P € E[2] for n > 1.
Therefore ¢, is PCF, as desired.

3 _ xX*2x?41

Example: E:y? =x3—x, m=2. PEm =i
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PCF maps in dynamics
Galois representations and finite ramification Galois representations from pre-image trees
Finite ramification

PCF maps in dynamics
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PCF maps in dynamics
Galois representations and finite ramification Galois representations from pre-image trees
Finite ramification

Arboreal Galois representations

Let K be a number field, ¢ € K(z), and b € PL(K).
The preimage tree of ¢ with root b has vertex set
| J¢~(b),
i>0
with two elements connected iff ¢ maps one to the other.
Denote this tree by T, and its truncation to the nth level by T,.

For simplicity, assume that T, contains no critical points, so that
it is a complete d-ary rooted tree.
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PCF maps in dynamics
Galois representations and finite ramification Galois representations from pre-image trees

Finite ramification
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PCF maps in dynamics
Galois representations and finite ramification Galois representations from pre-image trees

Finite ramification

Let K, = K(¢~"(b)), and note K11 2 K. Let Ko = |J Kp.

Let Gp = Gal(K,/K), and Goo = lim G,. All these objects depend
on ¢ and b, but to ease notation we don't make explicit reference
to this dependence.

We have injections
Gn = Aut(T,) = (Sq)" ™ Gy > Aut(Two).

The latter is the arboreal Galois representation associated to ¢, b.

When d =2, G, is a 2-group, and G, is a pro-2 group.
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PCF maps in dynamics
Galois representations and finite ramification Galois representations from pre-image trees
Finite ramification

Lattes maps, once again

If £ m is a flexible Lattés map and b = oo, then

Ko = K(x(E[m"])).

When m = £ is prime, then
Goo — GLQ(Z(),

and G, is a subgroup of index at most 2 of the image of the
f-adic representation attached to E.
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PCF maps in dynamics
Galois representations and finite ramification Galois representations from pre-image trees
Finite ramification

Finitely ramified representations

Theorem (Aitken-Hajir-Maire 2005, Hajir-Cullinan 2012)

Let K be a number field and ¢ € K(z). If ¢ is PCF, then the
extension K /K is ramified over only finitely many primes of K.

Already known for Lattes maps ¢, with b = co: K can ramify
only at £ and the primes of bad reduction for E.
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PCF maps in dynamics
Galois representations and finite ramification Galois representations from pre-image trees

Finite ramification

Let ¢(x) = p(x)/q(x) with p, g relatively prime.

Assume for simplicity that oo is not a critical point of ¢ and b = 0.
Then K can ramify only over primes of K dividing one of the
following;:

1. Hw #'(7), where the product is over the critical points 7 of ¢,
and over / with 1 </ < n.

2. The leading coefficient of pg’ — qp’.
3. The leading coefficients of p and q.
4. The resultant of p and q.

When ¢ is a monic polynomial, (3) and (4) in the above list are
both 1, and (2) is just the degree of ¢.
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PCF maps in dynamics
Galois representations and finite ramification Galois representations from pre-image trees

Finite ramification

Example Let K = Q and ¢(x) =x2 —2. 0~ —2 5 2+ 2
K is ramified over QQ only at the prime 2.

Kn = Q(Ganez + (pota). S0 Gp 2 Z/2"Z, Goo = L.

Example Let K = Q and ¢(x) = (x +1)2 = 2. —1+ -2+ —1
K is ramified over Q only at 2 and oc.

#Gy =23
#G3 = 2°
#G4 _ 211
#Gs = 2%

#Gg = 2% (J. Kliiners)
#Gy = 280 (M. Watkins - MAGMA)
#Gg = 21717
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PCF maps in dynamics
Galois representations and finite ramification Galois representations from pre-image trees

Finite ramification

Question: Does there exists a number field K and a PCF map
¢ € K(x) of degree 2 such that K is unramified at 27
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PCF maps in dynamics
Galois representations and finite ramification Galois representations from pre-image trees
Finite ramification

An overgroup for G4

Return to an arbitrary number field K. Instead of b = 0, take
b = t, where t is transcendental over K, and work over K(t).

Let ¢ € K(x) be post-critically finite, and put
Kot = K(t)(¢"(t))  GXY .= Gal(K,/K(t)).

The isomorphism class of Go}g(t) is invariant under conjugation of
¢. It contains G, as a subgroup (specialization t = b).

We have an exact sequence
1 GE®) 5 GKO) - Gal(L/K) — 1,

where L = KN Keo,t-
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PCF maps in dynamics
Galois representations and finite ramification Galois representations from pre-image trees

Finite ramification

The group Ggo(t) is the profinite iterated monodromy group of
f(x).

It is a (topologically) finitely generated group satisfying a property
known as self-similarity.

The action of its generators on T is given by an explicitly
computable finite automaton, which can be calculated via a
beautiful theory involving lifts of loops in C. (V. Nekrashevych)
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PCF maps in dynamics
Galois representations and finite ramification Galois representations from pre-image trees

Finite ramification

Example: K = Q, ¢(x) = x> — 2. Then Géco(t) is the pro-2
completion of the infinite Dihedral group D.

Example: K = Q, ¢(x) = x> — 1. Then Géco(t) is the pro-2
completion of the Basilica group B. Note that (x + 1) — 2 is
conjugate to x> — 1 by x — x + 1.

Recent work of R. Pink shows that Goﬁ(t) is also a self-similar
group.

Moreover, if ¢ is a (PCF) quadratic polynomial whose finite critical

point does not have a periodic orbit, then G(()Co(t) is isomorphic to a

)

subgroup of Go}g(t of index at most 4.
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Multipliers and McMullen’s theorem
Heights

A finiteness theorem for PCF maps A non-archimedean version of a theorem of Fatou

Theorem (R. Benedetto, P. Ingram, RJ, A. Levy, 2013)

Letd,B € Z withd > 2 and B > 1. Up to conjugacy, there are
only finitely many PCF rational functions of degree d defined over
a number field of degree at most B, except for flexible Lattés maps.
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Multipliers and McMullen’s theorem
Heights

A finiteness theorem for PCF maps A non-archimedean version of a theorem of Fatou

Corollary (M. Manes, D. Yap, 2013)

Suppose that ¢ € Q(z) is quadratic and PCF. Then ¢ is conjugate
to one of the following:

72 22-2 z2-1 1/2?

1 1 2 —1
(z—1)2 2(z—1)2 (z—1)2 42247

—4 2z+4+1 —2z 3224741
97212z 47272 2z2—4z+1 1-4z

Moreover, none of these twelve is conjugate to any of the others.
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Multipliers and McMullen’s theorem
Heights
A finiteness theorem for PCF maps A non-archimedean version of a theorem of Fatou

Multipliers

Let K be a field, ¢ € K(z).

Let v € P1(K) be a fixed point of ¢. The multiplier of v is
A= ¢'(7v) € K. The set of multipliers of the fixed points of ¢ is
invariant under conjugation of ¢.

Changing coordinates so v = 0, we have
#(z) = Az + higher order terms

in some neighborhood of zero.

We say « is attracting with respect to an absolute value | - | on K
if [\| <1.

Extend these definitions to n-periodic points of ¢ by considering
them as fixed points of ¢".
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Multipliers and McMullen’s theorem
Heights
A finiteness theorem for PCF maps A non-archimedean version of a theorem of Fatou

McMullen's theorem

For ¢ € C(z), denote by M,(¢) the unordered set of multipliers of
all n-periodic points of ¢.

Theorem (McMullen, 1987)
For fixed d > 2, there exists Ny > 1 such that the set

M(Ng) := Mi(¢) U Ma(¢) LI -+ - LI My, (9)

determines the conjugacy class of ¢ up to finitely many choices,
unless ¢ is a flexible Lattés map.

Special bonus (Milnor): N =1, and M(1) uniquely determines
the conjugacy class of ¢ when ¢ is quadratic.
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Multipliers and McMullen’s theorem
Heights
A finiteness theorem for PCF maps A non-archimedean version of a theorem of Fatou

Proof strategy

By Thurston rigidity, the multipliers of a PCF map ¢ € C(z) all lie
in Q. Thus if ¢ is PCF of degree d, then M(Ny) C (Q)* for some
positive integer k.

» If ¢ is PCF of degree d, show that M(Ny) belongs to a set of
bounded height.

> Observe that If ¢ is defined over a number field of degree at
most B, then M(Ny) is defined over a number field of degree
at most B’.

» By standard properties of height, there are only finitely many
possibilities for M(Ny).

» From McMullen's theorem, conclude that ¢ belongs to a finite
collection of conjugacy classes.
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Multipliers and McMullen’s theorem
Heights
A finiteness theorem for PCF maps A non-archimedean version of a theorem of Fatou

Heights

Definition
The height of a € K, where K is a finite extension of Q, is defined
by
Ky, :Qy

Z K - Q)] rE Q] log max{1, |a|,},

veMy [ Q]
where My denotes the set of absolute values of K, and K, denotes
the completion of K with respect to the absolute value v.

» h(«) is invariant under finite extensions of K, so h: Q—Ris
well-defined.
» for A, B € Z>o, there are only finitely many a € Q satisfying

both
h(a) <A and [Q(a):Q] < B.
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Multipliers and McMullen’s theorem
Heights
A finiteness theorem for PCF maps A non-archimedean version of a theorem of Fatou

A non-archimedean version of a theorem of Fatou

Theorem (Fatou, 1920)

Let ¢ € C(z). A cycle of ¢ whose multiplier satisfies |A\| < 1
strictly attracts a critical point of ¢.

Key observation: a PCF rational function ¢ cannot have any
critical points strictly attracted to a cycle. So every multiplier of ¢
satisfies |A| > 1.

Hope: prove that if ¢ is defined over a number field K, in fact
|A| > 1 for every absolute value on K.

Example: ¢(z) = zP. Every cycle is attracting with respect to the
p-adic absolute value.
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Multipliers and McMullen’s theorem
Heights

A finiteness theorem for PCF maps A non-archimedean version of a theorem of Fatou

Example: ¢(z) = z%> — 4z. The fixed point 0 has multiplier 4, and
so is 2-adically attracting. But 2 — —4 — 0, so 0 does not strictly
attract a critical point.

Theorem (Benedetto-Ingram-J-Levy)

Let ¢ € L(z), where L has characteristic zero, residue characteristic
p, and is complete with respect to a non-archimedean absolute
value | - |p. There exists e, < 1 such that any cycle whose
multiplier satisfies ||, < €, strictly attracts a critical point.
Moreover, if p > d, then e, = 1.

More precisely, we can take

€p = min{\m|g 1< m<d}.
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Multipliers and McMullen’s theorem
Heights

A finiteness theorem for PCF maps A non-archimedean version of a theorem of Fatou

Example: When d =2, e =1/4 and ¢, = 1 for p > 3. Note the
bound of 1/4 cannot be improved.

This shows that if A is the multiplier of a fixed point of a quadratic
rational map ¢ € C(z), then h()\) < log 4.
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