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Abstract

We study the Galois tower generated by iterates of a quadratic polynomial f defined
over an arbitrary field. One question of interest is to count the proportion a, of ele-
ments at each level that fix at least one root; in the global field case these correspond to
unramified primes in the base field that have a divisor at level n of residue class degree
one. We thus define a stochastic process associated to the tower that encodes root-fixing
information at each level. We develop a uniqueness result for certain permutation groups,
and use this to show that for many f each level of the tower contains a certain central
involution. It follows that the associated stochastic process is a martingale, and conver-
gence theorems then allow us to establish a criterion for showing that a,, tends to 0. As
an application, we study the dynamics of the family z2 + ¢ € Fp [x], and this in turn is
used to establish a basic property of the p-adic Mandelbrot set.

1 Introduction

Let L be a field and f € L[x]. Denote by f°" the nth iterate of f, that is f°! = f and
for = fofon!forn > 2. Let L,(f) be the splitting field over L of f°", and let G, (f) =
Gal (L, (f)/L). The profinite group G(f) = lim G,,(f) remains rather mysterious in general,

having been studied broadly only by Odoni [8]. Even the case of f quadratic remains largely
unresolved, although some progress has been made [8, 9, 10, 14]. In this article we use tools
from the theory of stochastic processes to study properties of G(f) that have arithmetic
applications.

The construction is as follows. Given any field L and a collection F of separable poly-
nomials f1, fa,... in L[z], denote by L(f,) the splitting field of f,, over L, and let G(f,) =
Gal (L(f,)/L). Suppose that L(f,) 2 L(fn—1) for all n > 2, and let G(F) = lim G(fn). Take

P to be the Haar measure on G(F) with P(G(F)) = 1, and v, to be the natural projection
G(F) — G(fn). We define random variables on G(F) by setting X,,(g) to be the number of
roots of f, fixed by ¥, (g). It follows that

1

P(X, >0)= A #{g € G(fn) : g fixes at least one root of f,}. (1)



Recall that a stochastic process is simply an infinite collection of random variables defined
on a common probability space. We refer to the random variables in (1) as the Galois process
of F and denote it GP(F). In the case f € L[z] and F = {f, f°2, f°3,...}, we write GP(f)
instead of GP(F) and G, (f) instead of G(f°"). To state our main result on Galois processes,
we require the following definition:

Definition 1.1. A stochastic process X1, Xo,... taking values in Z is a martingale if for all
n > 2 and any t; € Z,

EX,| Xi=t,Xo=ta,..., X1 =th_1) = tn_1,
provided P(Xl =t1,Xo=19,..., Xp_1= tn—l) > 0.

We also define the adjusted forward orbit of a point [ € L under a polynomial f € L[z]
with leading coefficient a to be the set {—af({)} U{f"(l):n=2,3,...}.

Theorem 1.2. Let L be a field of characteristic # 2, take f € L]x| of degree two, and suppose
that the adjusted forward orbit of the unique finite critical point of f contains no squares.
Then GP(f) is a martingale.

Remark. Theorem 1.2 (and also Theorem 1.3) are true as long as, for all n, f°" is separable
and irreducible and Disc f°" is not a square. The hypothesis regarding the critical point
ensures this in characteristic # 2 (see Lemma 4.10) and is easy to check. A version of
Theorem 1.2 (allowing the process to begin with X}, for a suitable & > 1) should remain
true if one allows Disc f°" to be a square for finitely many n and f°" to be reducible with a
number of irreducible factors bounded independently of n.

To prove Theorem 1.2 we develop a uniqueness result on sets of fibers for certain mor-
phisms of G, (f)-sets, where f satisfies the conditions of Theorem 1.2. This uniqueness
property is used to show that for each n a certain involution must lie in the center of G (f).
The presence of this involution leads to the proof of Theorem 1.2.

If the hypotheses of Theorem 1.2 are verified, a basic martingale convergence theorem
yields

P({g € G(f) : X1(g9),X2(g), ... is eventually constant}) = 1.

Let f satisfy the hypotheses of Theorem 1.2, let L,,(f) be the splitting field of the nth
iterate of f, and let H,(f) = Gal(Ln(f)/Ln-1(f)). Then H,(f) = (Z/2Z)™ for some
0 <m < 2" ! and we call H,(f) mazimal if m = 2"~1. We show that if H,,(f) is maximal,
then for any v > 0 and m < n, we have

PX,=u|Xp1=u,..., X, =u) <1/2,
provided P(X,,_1 = u,..., X, = u) > 0. This immediately gives:
Theorem 1.3. Let L be a field of characteristic # 2, take f € L]x| of degree two, and suppose
that the adjusted forward orbit of the unique finite critical point of f contains no squares.
Suppose also that Hy,(f) is mazimal for infinitely many n. Then GP(f) converges to 0, i.e.
lim P(X, =0) = 1.
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As an application of Theorem 1.3, we establish a basic property of the p-adic Mandelbrot
set. This requires the development of some background. Given a field K and an absolute
value |-| on K, we define the Mandelbrot set of K to be

M(K) = {c € K : 0 has bounded orbit under iteration of z* + ¢}, (2)

where we mean bounded with respect to |-|.

We consider a subset of M (K) that is motivated by the well-known case K = C. Recall
that ¢ € C(z) is said to be hyperbolic if each critical point of ¢ tends to an attracting cycle
under iteration [6]. We therefore define the hyperbolic Mandelbrot set to be

H(K) = {c € M(K) : 0 tends to a formally attracting cycle under iteration of z* + ¢}, (3)

where by a formally attracting cycle of f(x) = 22 + ¢ we mean that |f/| < 1 at all points
of the cycle (see Section 2 for more detailed definitions). When the topology on K induced
by |-| gives rise to nontrivial geometry, e.g. K = C and K = C,, a formally attracting
cycle is also geometrically attracting. We may decompose H(K) into a disjoint union of
open components H(K)® corresponding to ¢ where 0 tends to a formally attracting i- cycle
. In the complex case these components form some of the most visible features of M (C).
For instance, H(C)™) is the main cardioid, and H(C)® is the circle tangent to the cardioid
on the real axis. Conjecturally, H(C) is the interior of M (C); this is the simplest case of
the celebrated conjecture that hyperbolic rational maps are open and dense in the space of
rational maps of given degree [6]. Moreover, both sets are Lebesgue measurable and the
measure of H(C) exceeds 1.503 while the measure of M (C) is less than 1.562 [1].

We consider the size of H(K) relative to M(K) for K = C,, the smallest complete,
algebraically closed extension of Q,. The set M(C,) proves far less topologically interesting
than M (C), as M(C,) is just the closed unit disk O, in C,. However, H(C,) is not so simple.
Letting ¢ : O, — F, be the reduction homomorphism, we show H(C,) = ¢~ *(H(F,)) for
p # 2. Note that since Fp admits only the trivial absolute value, we have

H(F,) = {c € F, : 0 is periodic under iteration of 2% + c},
provided p # 2. Given C C F,, we define its density to be:

_ Daec (dega)TIN(a)~?
D(€) = slir% Zaeﬁfp (deg ) "IN ()5’

(4)

where dega = [Fy(a) : F)], and N(a) = pi®®. In a natural sense, D(H(F,)) measures the
density of H(C,). We use Theorem 1.3 to prove:

Theorem 1.4. Forp # 2, D(H(F,)) = 0.

In the case p = 2, it is trivial to show H(F,) = F, as all points are critical. We remark that
there is another notion of density given by 0(C) = limg o (#C N T/ p¥). When §(C) exists,
then so does D(C) and the two are equal; however, there are sets C for which D(C) exists and



d(C) does not. It is a consequence of Conjecture 6.7 that §(H(F,)) = 0 for p # 2, and this

can be proven unconditionally if p =3 (mod 4) (see the discussion following Conjecture 6.7).

To prove Theorem 1.4, we put f. = 2% + c and f.°"(0) = {b € F, : fo"(b) = 0}, and
introduce sets

T, ={ceF,: f7°(0) NFy(c) # 0}. (5)

We show that Z,, 2 Z,,11 for all n > 1 and H(F,) = (),,>1 Zn- It follows that if D(Z,,) exists

for all n and h_)ngO D(Z,) = 0, then D(H(F,)) = 0. We then use the Tchebotarev density

n
theorem for function fields to show:

Theorem 1.5. Set L =TF,(t) (p#2), f = x>+t € Llz], and let L,(f) be the splitting field
over L of f°", the nth iterate of f. Put G,(f) = Gal(L,(f)/L), and let Z,, be as in (5).
Then

1
D(Z,)=—— #{lg G : g fizes at least one root of f}.

We end with an analysis of the Galois groups of iterates of f = 2+t over L = k(t), where
k is a field of characteristic different from 2 and ¢ is transcendental over k (cf. [10, 14]). We
prove that G, (f) is maximal when n is squarefree, and Theorem 1.3 applies to show Theorem
1.4.

The layout of the article follows the order in which the original work was done. In Sections
2 and 3 we give background on dynamics and C, and prove Theorem 1.5. In Section 4 we
introduce Galois processes and prove Theorem 1.2. In Section 5 we prove Theorem 1.3 and
discuss the behavior of GP(f) when G, (f) is maximal for all n. In Section 6 we analyze the
Galois groups of iterates of 2 4+ ¢ and obtain the proof of Theorem 1.4.

2 Background on Dynamics and C,

Let K be a field and |-| an absolute value on K. Let R € K(z). We recall that an n-cycle

of R is a collection of distinct points ¢y, ..., ¢, such that R(¢;) = ¢j41 for 1 <i<n—1 and
R(cp,) = ¢1. We refer to any point ¢ in a cycle as periodic under R, and if ¢ is contained in an
n-cycle we say ¢ has period n. A cycle c1,..., ¢y, is formally attracting if |(R°™) (¢;)| < 1 for

any i (equivalently, for all 7). We use this terminology rather than the more geometrically
suggestive “attracting” since we wish to work with fields where there is no nontrivial topology.
We say a point b € K tends to the cycle ci, ..., ¢, under iteration of R if given ¢ > 0, there
exists M such that m > M implies that !RO”eri(b) — ci| <efori=1,2,...,n, up to a
relabeling of the c¢;.

Let ¢ € K and put f. = 22 4 ¢. Recall from (2) and (3) the definitions of the Mandelbrot
set and hyperbolic Mandelbrot set of K. We consider the case K = Cj,, where C, is the
smallest complete, algebraically closed extension of Q,. We use two principal properties of
C,; see [12] for details. First, there is a natural (non-archimedean) absolute value |-| on C,
that extends the p-adic absolute value on @Q,. Second, let O, = {c € C, : |¢|] < 1} and
mpy = {c € Cp, : || < 1}, and note that O, is a subring of C, and m,, its unique maximal



ideal. Moreover, the quotient O, /m,, is isomorphic to Fp, the algebraic closure of the finite
field with p elements. Denote the natural quotient homomorphism O, — [F, by ¢. We call ¢
the reduction homomorphism.

Proposition 2.1. Let K be a field and |-| a non-archimedean absolute value on K. Then
M(K)={ce K :|c| <1}. In particular, M(C,) = O, for all primes p.

Proof. Let f. = x?+c, and suppose |c| > 1. A consequence of the strong triangle inequality is
that if |z| # |y|, then |z + y| = max{|z|, |y|}. Using this, one easily shows by induction that
|£om(0)| = ‘6’2%1’ whence ¢ ¢ M(K). On the other hand, if |¢| < 1, it follows immediately
from the strong triangle inequality that |f"(0)| < 1 for all n, showing ¢ € M (K). O

When p = 2 and K = C,, all cycles of f. contained in O, are attracting. Since f. has good
reduction, it follows that cycles of fy() lift to cycles of f. (contained in O,) and also that
if b = a mod m,, and a is in an attracting cycle, then b tends to this cycle [11, Proposition
4.32]. The orbit of 0 under fy) is finite and thus is periodic after a certain point, implying
that 0 tends to an attracting cycle in C,. Hence H(C,) = O,, and clearly also H(F,) = F,.
For the remainder of this article we assume that p # 2.

We wish to give a characterization of H(C,) via the reduction homomorphism. First we
make a few remarks on H(K) when K = F,. Since ﬁ; consists of roots of unity, the only
absolute value K admits is the trivial one: |c¢| =1 for all ¢ € K*. Under the trivial absolute
value, ¢ € K tends to a formally attracting cycle if and only if ¢ is in fact contained in a
formally attracting cycle. For general K, we easily derive from the chain rule that cq,...,c,
is a formally attracting cycle of R € K (z) if and only if

n

IR ()] < 1. (6)

=1

In the case K = F,, it follows that a cycle is formally attracting if and only if it contains a
critical point. These observations show that

H(F,) = {c € F, : 0 is periodic under iteration of 2% + c}.

We now give the promised characterization of H(C,). This is a consequence of [11, Proposition
4.32], but in our case a more direct argument suffices:

Proposition 2.2. Let ¢ : Op — F, be the reduction homomorphism. Then H(Cp) =
¢~ (H(Fp))-

Proof. Suppose first that ¢ € H(C,), so that 0 tends to the formally attracting cycle c1, ..., ¢,
under iteration of f. = x? + c. Since p # 2, it follows from (6) that we must have |¢;| < 1
for some i, whence ¢(¢;) = 0. Since the forward orbit of 0 has points arbitrarily close to ¢;
in C,, we have that 0 is periodic under iteration of 2 + ¢(c), whence ¢(c) € H(F,).

Now suppose 0 is periodic of period n under x? + ¢(c). Then f;?c) fixes 0, whence

|£o™(0)] < 1. Note that f2" is a polynomial in 22 with coefficients in O, and since | f"(0)| <



1, it follows by induction that | £2™(0)| < [f2™(0)] for all i > 1. Now since fo™ is a polynomial
in 22, we have (f°"(z)—z)'(0) = —1, so we can apply Hensel’s Lemma to obtain a fixed point
d of fo" with |d| < 1. Consider g(z,y) = (fo"(z) — f"(y))/(z — y), which is a polynomial
with coefficients in O, and without a constant term, since g is divisible by = 4+ y. Thus

for |a|,|b] < 1 we have |g(a,b)| < max{|a|,|b|}. Taking m > 1, a = fé’(m‘””(o), and
b= 2" U"(d) = d, we have
£ (0) = d] < [ D™(0) — d] - max{] 2077V (0)], ]}

c Cc

Repeating this m — 2 times, it follows that |fo™(0) — d| < |d| - [/, max{|fo™(0)|,]d|}. By

the remark at the beginning of this paragraph, the right-hand side of this expression is at
most |d|- (max{|fo(0)], |d|})™ L. Thus £o™(0) tends to d as m grows. Now d is a fixed point

&
of f¢™ and thus belongs to a cycle of f.; moreover this cycle is attracting since f" being a
polynomial in 2% implies |(f")(d)| < |d| < 1. Given € > 0, the continuity of f. allows us to
choose § > 0 such that |z — d| < & implies | f(x) — f2(d)| < € for all i with 1 < i < n. Thus
for m large enough, |fo™"(0) — fo'(d)| < € for all i with 1 < i < n. Therefore the orbit of

0 under f, converges to the attracting cycle containing d, proving that ¢ € H(C,). O

We discussed on page 3 the decomposition of H(K) into a disjoint union of open compo-
nents H(K)® corresponding to ¢ where 0 tends to a formally attracting i-cycle. In the case
K = C,, these components are unions of open disks with radius 1. For instance, f. has a
formally attracting fixed point if and only if f.(z) — 2 = 2% — 2 + ¢ has a root in m,. A quick
exercise in Newton polygons shows that this happens if and only if ¢ € my, ie., ¢(c) =0
where ¢ is the reduction homomorphism. Thus H(C,)") = ¢~(0). A similar analysis shows
that f. has a formally attracting two-cycle if and only if ¢(c) = —1.

3 Applying the Tchebotarev Density Theorem

In order to prove Theorem 1.4, our overall strategy is to give an upper bound for D(H(IF,))
and show this upper bound is zero. In this section we prove Theorem 1.5, which uses the
Tchebotarev Density theorem for function fields to give a practical method for computing
the upper bound.

Let f. = 2% + ¢, and note that for ¢ € F,, the forward orbit {f°"(0) : n = 1,2,...} of
0 is contained in Fj(c). Clearly 0 is periodic if and only if its backward orbit has points in
common with its forward orbit. We thus let f.°"(0) = {b € F,, : fo"(b) = 0}, and consider
the sets

I, ={ceFy,: f7"(0)NFy(c) # 0}.

as defined in (5). These sets are useful because they furnish successively better “approxima-

tions” of H(IF,), as we now show:

Proposition 3.1. For each n > 1, we have I, O Tp,41. Moreover, H(F,) = (,,>1 Zn-



Proof. Let ¢ € Z,,41, and take b € F,(c) such that fo"1(b) = 0. Then fo"(f.(b)) = 0 and
fe(b) € Fy(c), whence ¢ € Z,,. To show the second statement, let ¢ € H(F,), let fo™(0) = 0,
and take n > 1. Write n = im — j for some 0 < j < m, and note that

FE(fE(0)) = f2™(0) = 0.

Clearly f&7(0) € F,(c), showing that f°"(0) NFp(c) # 0. Since n was arbitrary, this shows
¢ € (Ny>1Zn- Now suppose ¢ € (1,5 Zn, and for each n, let b, € f7°"(0) NFy(c). The
finiteness of Fp(c) implies we must have b,, = by, for some n; < ny. Therefore

ST0) = (S (b)) = S0 (bny ) = [ (bny) = 0.

C C (& C C
Hence ¢ € H(F,). O

Recall the definition of the density of C C FF,, given in (4). The following proposition gives

a method for showing D(H(F,)) = 0 using only information about D(Z,).

Proposition 3.2. Suppose that D(Z,,) exists for alln and lim D(Z,) = 0. Then D(H(F,))

exists and equals zero.

Proof. Given C C T, define

e (dega) ™ N()~
S e, (dega) TN ()

ac(s) =
Since H(F,) C Z, for all n, we have aH(Fp)(s) < az,(s) for s > 1. Taking lim sups and using
the assumption that D(Z,,) exists gives

limsup a7 +(s) <limsup az (s) = lim az (s) = D(Z,).
mSUp g, (5) < limsup az (s) = i az, (s) = D(Z,)

Since lim D(Z,) = 0 and aH(Fp)(s) > 0 for s > 1, it follows that limsup,_,;+ aH(Fp)(s) =0.

1— 00

Therefore lim,_,+ aH(F,,)(S) = 0, proving that D(H(Fp)) = 0. M

We now wish to use the Tchebotarev Density Theorem for function fields to prove Theo-
rem 1.5, which shows D(Z,) exists and gives a method for computing it. To do this, we must
relate D(Z,,) to the density of a set of primes in [F,[¢].

Let P be the collection of primes in Fp[t]. By the density of a set S of primes of F,,[t], we

mean
N —S

D(S) = lim Zpesip,

s—1t Zpep Np—s

where Np = pd°8». Recall from (5) the definition of Z,, and note that f;°"(0) N F,(c) # 0
is equivalent to the factorization of fJ"(x) over F,(c) having a linear factor. This in turn

(7)



is equivalent to f{"(z) having a linear factor modulo (), where 7. € F,[t] is the minimal
polynomial of ¢. Hence

T, = {c € F,: f" has a linear factor mod (7.)}. (8)

Since membership in Z,, depends only on properties of 7., it follows that Z,, is invariant under
the action of Gal (F,,/Fp). The following proposition relates the density of Galois-invariant
subsets of I}, to the density of related sets of primes in [F,[¢].

Proposition 3.3. Suppose that C C F, is invariant under the action of Gal (F,/F,), and let
B C P be given by {(m¢) : ¢ € C}, where m, is the minimal polynomial of c. Suppose also that
D(B) exists. Then D(C) exists and equals D(B).

Proof. Consider the map v : F, — P that takes ¢ to (r.). The Galois invariance of C is
equivalent to C being the full inverse image of B under . We thus have
Z(degc “IN(e Z Z (dege) 'N(c)™* (9)
ceC pEB ceyp—1
where we recall N(c) = pi¢8¢. Now for any c € wil(p) we have deg ¢ = deg m. = degp. Thus
N(c) = Np. Hence the inner sum in the right-hand side of (9) is repeated addition of the
same quantity, and the right-hand side becomes Zpe g Np~*. Applying the same reasoning

to Zcer (degc) 'N(c)~* gives

Seec(dege) IN() ™ Tyen Ve
Seer, (deg ) TN~ ~ Epep No—

Taking limits as s — 17 and using the existence of D(B) completes the proof.

We now define the following set of primes in F,[t]:
I, ={p € P: f" mod p has at least one linear factor}. (10)

The following corollary follows immediately from Proposition 3.3 and ().
Corollary 3.4. For alln > 1, D(Z,) = D(I,,).

We now give a version of a standard result that allows us to apply the Tchebotarev
Density theorem to compute D(I},).

Proposition 3.5. Let R = Fp[t], L = F),(t), and f € Liz]. Let L,(f) be the splitting field
of o over L, and let G,(f) = Gal(L,(f)/L). There exists a finite set S of primes in R
(including the ramified primes) such that if p is not in S and (p, Ly (f)/L) C Gn(f) is the
Artin conjugacy class of p, then the following holds. If fifa--- fr is the factorization into
irreducibles of f°" mod p, then any element of (p, L, (f)/L) acts on the roots of f°" as a
product oy - - - o, of disjoint cycles, with o; having length deg f;.



Proof. Let [ be a root of f°", set Lg = L(3), and let Rg be the integral closure of R in Lg.
A standard result in algebraic number theory [7, Theorem 4.12, p. 177] states that for all
primes p not contained in a finite set S’, we have

pRs = F1P2- - Pr, (11)

where ; is a prime in Rg with residue class degree d(B;/p) = deg f;. Another standard
result (see [7, Lemma 7.13, p. 391] for a proof easily adapted to the function field case) states
that if p is in addition unramified, then (11) implies that any element of (p, L,,(f)/L) acts on
the roots of f°" as a product o7 - - - 0, of disjoint cycles, with o; having length d(B;/p). O

Using the notation of Proposition 3.5, let f = f; = 22 4t and let U,, be the set of primes
in R that are unramified in L, (f;). Note that conjugacy preserves the lengths of the cycles in
the disjoint cycle decomposition, so if one element of (p, L, (f;)/L) fixes a root of f™, then
all do. Put

Jn={p € U, :each o € (p,L,(f:)/L) fixes at least one root of f;"}. (12)

It follows immediately from Proposition 3.5 and (10) that D(.J,) = D(I,). To compute
D(J,), we use the Tchebotarev Density theorem, which we now state.

Theorem 3.6 ((Tchebotarev)). Let L/K be a Galois extension of function fields, and denote
by Uk the set of primes of K unramified in L. Forp € Uk, let (p, L/K) be the Artin conjugacy
class of p. Fiz a conjugacy class C of G = Gal (L/K). Then for all k > 1,

_#C

D({peUk:(p,L/K)=C}) = rret

For a proof, see [13, Chapter 9.
Proof of Theorem 1.5. Recall the definition of J,, from (12). Using Proposition 3.2, Propo-
sition 3.3, and D(I,) = D(J,), it suffices to find D(J,). Let € denote the collection of

conjugacy classes of Gy (f) each of whose elements fixes at least one root of f7™. Using
Theorem 3.6, we have

B #C 1 B 1
DU =2 g n ~ w0 22 " wen ™ { U C} |

Cec¢ Cec Cec

Since g fixes a root of f™ if and only if every element of its conjugacy class does the same,
Ucee C = {g € Gi(f) : g fixes at least one root of f7"}. O

Ezample 3.7. Consider the case n = 2. Label the roots of ff? = (2% + t)? +t as follows:

:
:

—t 4+t — 1 —\/—t+ =t — 2

"
"

— 3 — — 4



We show (Corollary 6.6) that under this labeling Ga(f) is a subgroup of S4 of order 8 that
contains {e, (1 2),(3 4),(1 2)(3 4)} as well as four elements that interchange the sets {1, 2}
and {3,4} and therefore have no fixed points. Hence D(Z) = 3/8. In fact, we know more.
Let k be large, choose ¢ € Fj. at random, and let i. = #{f°2(0) NFp(c)}. Then i = 2 with
probability 1/4 and i, = 4 with probability 1/8.

Remark. There is a second version of Theorem 3.6 that gives the stronger conclusion #{p €
Uk : degp =k and (p, L/K) = C} = E-(#C/#G + O(p~"/2)) [13, Theorem 9.13B]. With
this conclusion, one can replace D(Z,) by 0(Z,) (see p. 3) in Theorem 1.5, and thus also
in Theorem 1.4. However, this stronger version of Theorem 3.6 requires the hypothesis that
L/K be geometric, i.e. that if k is the field of constants in K, then kN L = k. Determining
the geometricity of the fields generated by roots of f7™ appears to be a difficult problem.
Indeed, the most natural approach may be to first prove Conjecture 6.7 (see the discussion
following the conjecture).

4 Galois processes and Galois martingales

Let L be a field of characteristic # 2, and for f € L[z], let L(f) denote the splitting of f over
L. By a tower of polynomials over L we mean a sequence f1, fa,...such that L(f,) 2 L(fn-1)
for n > 2. We call the tower separable if f,, is separable over L for all n > 1.

Let F = fi, f2,... be a separable tower of polynomials, and put Lo = Jpoy L(fn)-
Denote Gal L(f,)/L by G(fn), and let

G(F) = Gal Loo/L = i G(fy).

Let P be the Haar measure on the compact group G(F), normalized so that P(G(F)) = 1.
Letting B be the Borel sigma algebra, the triple (G(F),P,B) is then a probability space.
Denote by 1, the natural projection G(F) — G(f,), and define random variables X,, on
G(F) as follows:

X, (g9) = number of roots of f,, fixed by 1,(g).

The data (G(F),P,B,{Xn,}n>1) by definition give a stochastic process, which we call the
Galois process of the tower F, and denote GP(F). Intuitively, this process resembles a
random walk through successively higher levels of the group G(F). Positions at each level
are assigned a value based on the number of roots of f, left fixed. Note that it follows from
basic properties of Haar measure that

P(Xi=t1,...,.Xn,=t,) = Gl(f)#{ge G(fn) : g fixes t; roots of f; fori=1,2,...,n}.
(13)

Ezample 4.1. Let L = Q, fi = 2> + 2z + 1, and fo = 2% — 2. Clearly L(f2) 2 L(f1).
Define a separable tower F by setting f,, = fo for all n > 3. Then G(F) = G(f2), which
is the full symmetric group on the roots of fs. Since the Haar measure P is invariant
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under multiplication by an element of G(F), it follows that P (i, 1(g)) = 1/#G(f,) for all
g € G(fn). Thus

1/6 ifi=3
P(Xo=i)=<{1/2 ifi=1
1/3 ifi=0

One easily sees that the kernel of the quotient map G(f2) — G(f1) is isomorphic to the
alternating group As. Thus if g € Az, X1(g) = 2, while if g € G(f2) \ A3, then X;(g) = 0.
Because G(f2) \ A3 is composed entirely of transpositions, we have P(Xo =1 | X7 =0) = 1.
Therefore GP(F) is not a martingale (see Definition 1.1).

Consider the case where f € L(x) has the property that all iterates f°" are separable
over L and F = f, f°2, f°3,.... This is the case of greatest interest to us. In this situation we
write GP(f) instead of GP(F) and G, (f) instead of G(f°"). We now develop preparatory
material for proving Theorem 1.2. Recall that a G-set is a set T on which G acts, and a map
¢ : T — T is a morphism of G-sets if ¢(c(t)) = o(¢(t)) for all 0 € G and t € T. We define a
notion we use throughout:

Definition 4.2. Let G be a group and T a G-set. By a fiber system ' on T, we mean the
collection of fibers of a surjective morphism ¢ : T — T" of G-sets.

Note that a fiber system on 7' gives a partition of 7', and the sets belonging to this
partition are permuted by G; indeed, these properties characterize fiber systems. By way of
illustration, we offer the following;:

Proposition-Definition 4.3. Let L be a field and f € L[x] a polynomial with all iterates
separable. Let R, denote the roots of f°" and R,_1 the roots of f*~!. Then f: R,, — R,_1
is a surjective morphism of G, (f)-sets. It defines a fiber system on R, that we call the
fundamental fiber system.

Proof. We need only check that f(o(3)) = o(f(8)) for any o € G,(f) and 8 € R,. This
clearly holds since o € Gal (L(f°")/L). O

For instance, let L = k(t), f(z) = 2 +t, and n = 2, and use the labelings of Example
3.7. Then the fundamental fiber system on Ry is {{1,2},{3,4}}. Note that the fundamental
fiber system consists of sets each containing deg f elements.

The proof of Theorem 1.2 makes crucial use of a uniqueness result on fiber systems for
G-sets when G is a certain kind of permutation group. Specifically, let f be quadratic with
separable and irreducible iterates, and suppose G, (f) contains at least one odd permutation.
We wish to show that the fundamental fiber system is the only fiber system on R,, (considered
as a Gy (f)-set) that consists of two-element sets. The next few definitions and lemmas build
up to this result (Corollary 4.9).

Let T be a set and & a partition of 7. Denote by Perm(7’, &) the set of all permutations
of T that act as permutations on &. Thus if a group G acts on T and & is a fiber system for
G then G C Perm(T', G).

!Some authors use the terminology “block system.”
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Definition 4.4. Let T be a set and & a partition of T. A permutation associated to & is
a permutation o € Perm(7,&) whose orbits are precisely the subsets belonging to &. In
the case where & is composed entirely of two-element sets, we denote by og the unique
permutation associated to &.

Proposition 4.5. Let T be a set, G a partition of T, and o a permutation associated to &.
Then ToT~ ! is a permutation associated to & for each T € Perm(T,&). In particular, if &
is composed of two-element subsets, then

os € Z(Perm(T, 6)),
the center of Perm(T, S).

Proof. Let 7 € Perm(T, &), and S € & with #S = k. Then 7o7~! must map S to itself.
Note that o acts on S as a k-cycle since by definition S is an orbit of o. Since conjugation
preserves cycle decomposition type and both ¢ and 707! permute S, it follows that 7o7~*
acts on S as a k-cycle. Therefore S is an orbit of To77!. O

Lemma 4.6. Let G be a group acting on a set T. Suppose that & = {S1,S2,...,S,} is a
fiber system for G with #S; = 25 for 1 < i < m. Then G is isomorphic to a subgroup of the
wreath product Sym(27) ! Sym(&) = Sym(25)® x Sym(&) and if g — ((01,...,6m),0) then
the signature of the action of g on T is [[;~, sgn ;.

Proof. Since G is a fiber system for G, we have G C Perm(7T,&). It therefore suffices to
prove the Lemma for Perm(7, ). Each 7 € Perm(T, &) induces a permutation 7’ on &. Fix
an ordering of the elements in each S;, and suppose that 7(5;) = Si. Say S; = {s1,...,s2;}
and Sy = {t1,...,t2;}. Then t, — 7(sy,) is a permutation of Sy, which we denote by J;.
The map Perm(7T, &) — Sym(2j) ! Sym(S) : 7+ ((01,...,m),7’) is readily seen to be an
isomorphism.

Suppose 7 € Perm(7, &) satisfies §; =id for i = 1,...,m, and let C' = (S;, --- 5;,) be
a cycle of 7/ and ¥ = S;, U---US;,. Consider the action of 7 on X. Since C'is an [-cycle, the
orbit of any s € ¥ must have length at least I, but clearly 7!(s) = s for all s. Thus 7 acts on
Y as a product of 2j I-cycles, whence this action is even. The same holds for all cycles of 7/,
implying that the signature of 7 is 1.

If 7 € Perm(T, &) satisfies 7/ = id, then 7 has the same cycle structure as the product
61+ 0m € Sym(2jm). Thus the signature of 7 is [[;" sgn d;. Since any ((d1,...,0m),0) €
Sym(27) ! Sym(&) admits the decomposition ((d1,...,dn),id) - ((id,...,id), o), the lemma is
proved. ]

Theorem 4.7. Let T be a set with 2m elements, and let
S ={S1,...,5n} and U ={Uy,..., Uy}

be partitions of T with #S; = #U; = 2 for alli. Let o and oy be the permutations associated
to & and U, respectively, and suppose that oy € Perm(T,S). If og # oy, then any subgroup
of Perm(T, &) N Perm(T, L) that acts transitively on T is alternating, i.e., composed entirely
of even permutations.
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Proof. Let G < Perm(T, &) N Perm(T,4) act transitively on 7. From Proposition 4.5, we
have that G centralizes H = (0y,0g) in Sym(7") and also 0 commutes with oy (the latter
since oy € Perm(7, S)). Hence H has order 4, because og # oy. Note that by definition oy
and og have no fixed points in T, so that if an orbit of the action of H on T" has fewer than
four elements then we must have oy(t) = og(t) for some t € T. But G centralizes H and
acts transitively on 7', implying oy(t) = os(t) for all t € T', which contradicts og # oy.
Since G centralizes H, it follows immediately that the set V = {V;} of orbits of the
action of H on T is a fiber system for G. From Lemma 4.6 we have that G injects into
Sym(4) ! Sym(V). Let g € G and fix {t;} such that V; = {t;,0u(t;),0s(ti),ocuos(i)} for
each i. Suppose ¢g(V;) = Vj, and let §; be as in the proof of Lemma 4.6. Again since G
centralizes H, one easily verifies that d; is the identity if g(¢;) = ¢; and is the product of two
transpositions otherwise. Hence the signature of §; is 1, and it follows from Lemma 4.6 that
sgn g = 1. ]

If the group G has nontrivial center, we have another source of nontrivial fiber systems:

Proposition-Definition 4.8. Let G be a group acting on a set 7', suppose that o € Z(G),
and let & be the partition of T' given by the orbits of . Then & is a fiber system for 7" and
o is a permutation associated to &. We call & a central fiber system.

Proof. Let S € & and 7 € G. Write S = {0"(s) : n > 1}, and note that 7(S) = {rc™(s) :
n>1} ={c"(7(s)) : n > 1}, which is again an element of &. Thus & is a G-set, and indeed
is the fiber system associated to the natural morphism T — & of G-sets. Clearly o is a
permutation associated to &. O

A salient feature of central fiber systems is that at least one associated permutation must
lie in the group G. This is not necessarily the case for the fundamental fiber system defined
in Proposition-Definition 4.3. This feature of central fiber systems is precisely what we need
to establish our uniqueness result on fiber systems consisting of two-element sets. In the
process, we show that the central involution o¢ associated to the fundamental fiber system
must lie in G, (f). This provides a vital step in the proof of Theorem 1.2.

Corollary 4.9. Let L be a field, f € L[x] a quadratic polynomial with f°" separable and
irreducible over L, and suppose that Disc f°" is not a square in L. Then there is a unique
fiber system of two-element sets on R, the set of roots of f (considered as a G,(f)-set).
In particular, if € is the fundamental fiber system defined in Proposition-Definition 4.3, then
the permutation o¢ associated to € is contained in Gy (f).

Proof. The splitting field L(f°") of f°" is obtained from L(f°"~!) by adjoining roots of
f(z) — a for each root a of f°"~1. Since deg f = 2, it follows that Gal (L(f°")/L(f°"1)) is
an elementary abelian 2-group. Hence G,,(f) is a 2-group, and therefore has nontrivial center.
Since Z(Gp(f)) is again a 2-group, there must be § € Z(G,(f)) of order two. Suppose that §
fixes r € R,,. Since d belongs to the center of G, (f), this gives do(r) = o(r) for all 0 € G, (f).
The irreducibility of f°™ implies that G, (f) acts transitively on R,,, whence 0 is the identity,
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a contradiction. Therefore § has no fixed points, implying that the associated central fiber
system ® (see Proposition-Definition 4.8) consists of two-element sets.

Let & be another fiber system for G, (f) consisting of two element sets. Note that
d € Gp(f) € Perm(T,&). Finally, since Disc f" is not a square in L, basic Galois theory
tells us Gy, (f) cannot be alternating. We then apply Theorem 4.7 to get & = D. In particular,
¢ =29, implying that o¢ = 0 € G, (f). O

Recall from the introduction that the adjusted forward orbit of a point [ under f € L[x]
with leading coefficient a is {—af({)} U{f"(l) :n=2,3,...}.

Lemma 4.10. Let L be a field of characteristic # 2, f € Llz| quadratic, and v € L the
unique finite critical point of f. Suppose that the adjusted forward orbit of v contains no
squares in L. Then for all n, f° is separable and irreducible and Disc f°" is not a square in

L.

Proof. We first show that Disc f°" is not a square; this implies f°™ is separable. Let f(x) =
ax? +bx + c. For n = 1 we note that —4af(y) = Disc f, so that —af(7) not a square implies
Disc f not a square. For n > 2, it follows from [8, Lemma 3.1, part iv] that Disc f*" =
22" (Disc fo"~1)2Res(f’, f°), where Res(f’, f°*) denotes the resultant of f and f°". From
the definition of resultant (see [8, p. 393]), Res(f’, f°") = f°"(v). Thus Disc f°" is not a
square.

To show that f°" is irreducible, first note that the case n = 1 is covered by the previous
paragraph. For n > 2 we use Capelli’s Lemma [8, p. 387], which implies that f°™ is irreducible
if and only if for any root a of f°"~!, we have f(z)—a irreducible over L(c). This is equivalent
to b? — 4ac + 4ac not being a square in L(a), which must hold if NL(Q)/L(b2 — 4ac + 4aq) is
not a square in L. But

2
Npyo(t* —dac+4aa) = (—4a)” ] <‘b+c> —a

4a
o root of fon—1

fon_l(—bQ/éla +¢) = (4a)

anl 271,71

= (4a) FrHf ()
Thus f°"(y) not a square in L implies f°" is irreducible. O
Proof of Theorem 1.2. We must show that

EX,|Xi=t,...,Xn_1 =tn_1) =tn_1, (14)

where t1,...,t,—1 are integers with P(X; = ¢;,...,X,-1 = t,—1) > 0. By definition, the
left-hand side of (14) is

. (15)

Zk P(Xl :tla"'aXn—l :tn—laXn = k)
& P(Xl :tla"an*l :tnfl)
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Put

S = {g€Gu(f): g fixes t; roots of f* for 1 <i<n—1}
Sy = {g€8:gfixes k roots of f°"}

From the basic property of GP(f) given in (13), the expression in (15) is equal to
S
Skt
k i
This in turn may be rewritten as

1
%5 Z (number of roots of f°" fixed by g) . (16)
geSs

Note that if h € Hy(f) ' Gal (L(f°™)/L(f°™ 1)), then h fixes the roots of f° for

1 <4 < n—1. Thus S is invariant under multiplication by H,(f), whence S is a union of cosets
of Hy(f). Recall from Proposition-Definition 4.3 the fundamental fiber system € for Gy, (f)
defined by the morphism f : R, — R,_1 of G,,(f)-sets. Let o¢ be the permutation associated
to €. From Corollary 4.9 and Lemma 4.10 we have o¢ € Gy, (f), and thus o¢ € H,(f).

Now take goH,(f) C S. Note that the group {e,o¢} acts by right multiplication on the
set goHy(f), dividing it into two-element orbits. We analyze the number of roots of f°" fixed
by the elements of such an orbit. Let g € goH,(f), let a be a root of f°"~! and note that
if g(a) # « then neither g nor goe have any fixed points in f~!(«). On the other hand, if
g(a) = athen g(f~!(a)) = f~(a). Since by definition ¢ exchanges the elements of f~!(a),
we have that g fixes the elements of f~1(«) if and only if gog exchanges them. It follows that

#{roots of f°" fixed by g}+#{roots of f° fixed by goe} = 2-#{roots of f°"~! fixed by g}.

By the definition of S, all g € goH,(f) fix t,_1 elements of f°"~!. Therefore we have

Z #{roots of f°" fixed by g} = t,—1 - #H,(f).

g€goHn(f)

Since S is a union of cosets of Hy(f), the expression in (16) equals t,,_1. O
Martingales are important chiefly because they often converge in the following sense:
Definition 4.11. Let X, Xo,... be a stochastic process defined on the probability space

(Q,F,P). The process converges if

n—oo

P (w €Q: lim X, (w) exists) = 1.

We give one simple martingale convergence theorem (see e.g. [2, Section 12.3] for a proof).
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Theorem 4.12. Let M = (X1, X2,...) be a martingale whose random variables take non-
negative real values. Then M converges.

Since the random variables in GP(f) take nonnegative integer values, we immediately
have the following:

Corollary 4.13. Let L be a field and f € L[z] a quadratic polynomial satisfying the hypothe-
ses of Theorem 1.2. Then

P({g € G(f) : Xi(9), X2(g), ... is eventually constant}) = 1.

5 Quadratic Galois Processes Under Maximality Assumptions

In this section, let L be a field and f € L[x| a quadratic polynomial with all iterates sepa-
rable over L. Throughout the section, all quantities are assumed chosen so that conditional
probabilities are defined.

Let L(f°") be the splitting field of the nth iterate of f, and let H,,(f) = Gal (L(f°")/L(f°"1)).

Proposition-Definition 5.1. For each n > 1, H,(f) = (Z/2Z)™ for some 0 < m < 2771,
We call H,(f) mazimal if m = 271,

Proof. Let R, denote the set of roots of fo"~1. Over L(f°"~1), f°" factors as [lacr, , f(z)—

. Since #R,,_1 = 2" 1, the extension L(f°")/L(f°""!) is the compositum of at most 2"~}
quadratic extensions. ]

The next result gives, for n with H,(f) maximal, an explicit expression of the probability
distribution of X,, given past behavior. However, the Lemma does not hold for all possible
past behaviors: we must assume that the value of X,,_; is known.

Lemma 5.2. Let L be a field, f € L[x] a quadratic polynomial with all iterates separable over
L, Hu(f) = Gal (L(f")/L(f"7")), and (Q, F, P, (Xp)n>0) = GP(f). Suppose that H,(f)

is mazimal, and let m; < mo < --- < mg, be positive integers with my, = n — 1. Then for
any positive integers ty,...,t; we have
ti 1 - _
s ifu=2w for some( <w <t
P(Xpy=u|Xpm =t,..., Xpm, = 1) = (o ¥ w f =0 = ar
0 otherwise
Proof. To prove the Lemma, we must compute
P(Xm1 :tl,...,ka :tk,Xn:u)' (18)

P(Xy, =t1,..., Xm, =tr)

Note that by our standing assumption that all quantities are chosen so that conditional

probabilities are defined, t1,. .., are such that the denominator of (18) is nonzero. Put
T = {g€Gy(f):g fixes t; roots of f for 1 <i <k}
T, = {g€T:gfixes uroots of f°}
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From (13), we see that we must compute #7,,/#7T. Since the denominator of (18) is nonzero,
#T # 0 as well. As in the proof of Theorem 1.2, note that T is invariant under multiplication
by H,(f), whence it is a union of cosets of H,(f). Let R, be the set of roots of f°", and
recall from Proposition-Definition 4.3 that the sets f~!(a), where « is a root of f°"~!, form
a partition of R,,.

Consider a coset goHp(f) C T. By the maximality of H,(f), there exists ho € Hy(f)
that exchanges the elements of f~!(a) and fixes the elements of f~1(a/) for all o’ # . Let
Q be the set of roots of f°"~! fixed by go, and put M = f~1(Q) C R,,. Since gy € T, go fixes
t,, roots of £~ 1 whence #M = 2t;,.

Now let J be the subgroup of H,(f) that fixes each element of M. The maximality of
H,(f) shows

#J =2 ), (19)

Take h € H,(f). Since h fixes all roots of f°"~ 1 we have goh(f 1(a)) = f~(go(a)) for
all a. Thus ggh cannot fix any element of R, — M. On the other hand, elements of J fix
all members of M, so it follows that every element of a set of the form gyghJ has the same
number of fixed points in R,.

Since M = U,cq f~Ha), we can write any h € H,(f) as

i IT (ha)e=,

aceQ

where j € J and e, = 0 or 1 for each a. Thus any coset gghJ may be written uniquely as
90J [neq(ha)®. Moreover, all elements of this coset have exactly

2 — > 2eq (20)

a€eq@

fixed points in R, (recall #Q = t;). The number of ways (20) can equal u is precisely
(Z’j) if w = 2w for some 0 < w < ¢ and zero otherwise. Note that from (19) and the
maximality of H,(f) we have #J/#H,(f) = 27%. Hence the proportion of elements of
goHy,(f) contained in T), is (Z’j)Q—tk. The Lemma now follows from the fact that T is a union
of cosets of Hy(f). O

Note that Lemma 5.2 remains valid if the ¢; are allowed to be 0. Indeed it is easy to see
directly that X,,, = 0 implies X,, = 0 for all n > m, and in the case t; = 0, the Lemma gives
P(X,=0)=1.

We give two consequences of Lemma 5.2. The first requires the Markov property, which
a stochastic process X1, Xo,... satisfies if

PX,=ul|Xp =t1,.... X, =tpg) =P(X, =u | X, =1tk) (21)

for n, any mq < --- < mp < n and any u,t;. Such a stochastic process is called a Markov
chain. Lemma 5.2 shows that, for n with H, (f) maximal, GP(f) obeys a restricted version
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of the Markov property at stage n (since my = n — 1 is required). However, if H,(f) is
maximal for all n, it is a straightforward exercise to show GP(f) is a Markov chain.

The second consequence of Lemma 5.2 is that when H,, is maximal and for any m < n
and 1 < w < 2™~ ! we have

2w\ 1
P(Xn:2w]Xm:Qw,...,Xn_1:2w)=(w)4w- (22)
w

We now give an upper bound for the right-hand side of (22).
Lemma 5.3. Suppose H,(f) is mazimal. Then for any m < n and u > 0 we have

1
PX,=u|Xn=u,....,.Xp1=u) < 3
Proof. First note that if u is not of the form 2w for some 1 < w < 2™~! then P(X,, =u) =0
from Lemma 5.2 and we are done. Thus we assume u is of this form. From (22) we need only

show that ¢, def (2w)i < % for all w > 1. Note that

w /) 4w

cor1 1 2w+2)2w+1)  4w? + 6w+ 2

Cu 4 (w+1)2 C 4w? 8w+ 4

The right-hand side of this equation is less than 1 for w > 1. Since ¢; = 1/2, the Lemma
follows. O]

Proof of Theorem 1.3. By Theorem 1.2, GP(f) is a martingale, and thus is eventually con-
stant with probability 1 (see Corollary 4.13). Therefore it remains only to show that for any

m > 0and u > 0,
P<ﬂXi:u>:0.

00 J
P(ﬂ Xi:u> SjlggoP(ﬂ Xi:u>,

i=m i=m

Clearly

and note that the sequence on the right-hand side is decreasing. Let C; = {X; = u}, and
suppose P(Cj_1N---NCy,) # 0 (otherwise we're done). We have

J
P (ﬂ cz-> =P(C)P(Cri1 | Cn) - -P(Cy | Cp N ---NCy_y). (23)

By Lemma 5.3, if H,(f) is maximal then

P(Cy | CnN---NChy) <1/2.

18



Let S = {n € N: H,(f) maximal}. Then (23) yields

j L\ #(506m,..3)

J
The infinitude of S now gives lim P (ﬂ X = u) =0. O
Jmee i=m

Note that it follows from Theorem 1.3 that lim P({X,, > 0}) =0.

We close this section with an examination of GP(f) under the assumption that H,(f)
is maximal for all n. This situation arises rather frequently, for example when L = Q and
f = 2% + a for many values of a [14]. It appears likely that H,(f) is maximal for all n also
in the case that concerns us, namely L = k(t), chark # 2, and f = 22 + t; see Conjecture
6.7. The following definition is adapted from [4]. Statements about conditional probabilities
apply only when the conditional probabilities are well-defined, and the sum of zero random
variables is taken to be zero with probability 1.

Definition 5.4. A Markov chain X, Xy, ... is time-homogeneous if P(X,, = u | X1 = 1)
depends only on u and t. By a branching process we mean a time-homogenous Markov chain
X1, Xs, ... taking nonnegative integer values such that the random variable (X, | X;,—1 = t)
has the same distribution as the sum of ¢ independent copies of X;.

Proposition 5.5. Suppose that H,(f) is mazimal for all n. Then GP(f) is a branching
process with P(X, =0) =1/2 and P(X; =2) = 1/2.

Proof. Clear from Lemma 5.2 and the discussion of the Markov property immediately fol-
lowing. O

It is interesting to note that R.W.K. Odoni observes in [8, p. 398] that branching processes
share many properties with iterated wreath products. This observation is a forerunner of
Proposition 5.5, since it follows from [10, Lemma 1.1] that H, (f) maximal for all n implies
Gr(f) is the n-fold iterated wreath product of Z/2Z.

Branching processes are very well-understood; see [3, Sec. 7.1] for a readable introduction
and [4] for a detailed account. Here we merely state some results of interest in our case.

Proposition 5.6. Let X1, Xo,... be the branching process of Proposition 5.5. Let a, =
P(X,=0) and b, =P(X, >0)=1—ay,. Then

1. ay is given by the evaluation at z = 0 of the nth iterate of% + %22.

2. Asn — oo, we have

2 logn « 9, 9
n=—41— - = 1
b n{ - n+0((ogn) /n )}

for some constant «. In particular, b, | 0.

Proof. For 1, see [3, Theorem 7.2]. A proof of a much more general theorem than 2 can be
found in [4, p. 21]. For a simpler, direct proof of 2 see [9, p. 5]. O
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6 The Galois groups of iterates of 22 + ¢

In this section we use the same notation as in Section 5, only with the following specializations:
let k be a field with char k # 2, t be transcendental over k, L = k(t), and f(z) = 22 + t.
We also put A = k[t]. As f is fixed throughout this section, we write G,, and H,, in place of
Gn(f) and H,(f), respectively. Our goal is an in-depth examination of H,, along the lines
of that found for the characteristic 0 case in [10, 14]. At the end of the section we apply our
results to give a proof of Theorem 1.4.

Let {p, : n = 1,2,3} be the adjusted forward orbit of the critical point 0, i.e. p; = —t
and p, = f°*(0) for n > 2. Note that p, is a square in L,, for all n; this is clear for n = 1,
and follows for n > 2 because p,, is the product of the roots of f°", which occur in an even
number of + pairs. We define a related sequence ®,,:

2, = [[wa)"™® < L. (24)
dn

We shall show that p,, and ®,, have much to do with the maximality of H,,. First we establish
some divisibility properties of these sequences.

Lemma 6.1. Let g € A be irreducible, let vy be the valuation corresponding to q, and suppose
vg(pn) = e > 1. Then for all m > 1, we have vy(pmn) = €.

Proof. Induction on m. The case m = 1 is trivial. Suppose inductively that vy (p(m—1),) = e-
Note that py, = f2m=D7(p,), and also f°"~D" is a polynomial in 2. Thus we can write

fIM () = g (x) + £ IM0) = 2?g(2) + Plm-1yms
for some g € L[x]. Hence putting z = p,, we have

Pmn = P29(Pn) + Pim—1)n-

Now vy [(pn)?(9(pn))] > 2e, and by our inductive hypothesis vg(p(m—1),) = €. Since e > 1, the
first summand vanishes to higher order at ¢ than the second, so we conclude v, (pmy,) =e. O

Proposition 6.2. For each n, ®,, is a polynomial, and the ®,, are pairwise relatively prime.

Proof. Let ¢ € A be irreducible, and let m = min{n > 1: ¢ | p,}. By Lemma 6.1, we have
vg(pn) = € if m | n and vq(p,) = 0 otherwise. Thus

0(®0) = D2 vg(pa) - pln/d) = e+ 7 pln/dm),

dn dm|n

and this last expression is e if n = m and 0 otherwise. Hence ®,, is a polynomial and moreover
vg(®y) > 0 for only one n. Thus the ®,, are pairwise relatively prime. O

Proposition 6.3. For each n, Disc f°" = a?p,, for some a € A.
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Proof. See the proof of Lemma 4.10, first paragraph. O

Our main result in this section has to do with the maximality of H,, (See Proposition-
Definition 5.1). We first give two preparatory results.

Lemma 6.4. Let n > 1. Then H, is mazimal if and only if p, is not a square in L,_1.
Proof. Identical to the argument in [14, Lemma 1.6]. O
Theorem 6.5. Let n > 1. Then H, is maximal if and only if ®,, is not a square in L.

Proof. The case n = 1 is clear, so we take n > 2. Suppose that ®, is a square in L, and note
that it follows from (24) that

Pn = H Dy. (25)

dn

Now p,, is a square in L,, for all m > 1, and a quick induction allows one to deduce that ®,,
is also a square in L, for all m > 1. Thus from (25) we have that p, is a square in L, 1,
whence by Lemma 6.4 H,, is not maximal.

Now suppose ®,, is not a square in L. We claim the squarefree part of ®,, has positive
degree. To see this, note that p, is monic and of even degree for n > 2 while p; has odd
degree and leading coefficient —1. Thus from (24) we have that ®,, is monic and of even
degree if u(n) = 0 and has leading coefficient —1 and odd degree otherwise. If ;(n) = 0 then
®,, is a monic non-square in L and thus its squarefree part has positive degree. If p(n) # 0
then ®,, has odd degree and thus its squarefree part has positive degree as well.

Now let ¢ € A be an irreducible dividing the squarefree part of ®,,. Since ®,, is relatively
prime to ®,, for m < n, q cannot divide Disc f°"~! by Proposition 6.3 and (25). Now a prime
p C A not dividing (Disc f°*~1) cannot be ramified in L(«), where a is a root of f°*~1. From
[7, Corollary 2, p. 157] it follows that p is unramified in L,,_;. Therefore (¢) is unramified in
L, _1. Thus the squarefree part of p, has an irreducible factor unramified in L,_1, whence
pn, cannot be a square in L,_1. By Lemma 6.4 H,, is therefore maximal. ]

Remark. Recall L = k(t), and let F' be the prime subfield of k. Since ®,, € F'[t], the roots
of ®,, in k must lie in F, whence all factors of ®,, in k[t] must have coefficients in F. Thus
if ®,, is a square in k[t], then in fact it is a square in F[t], and since F is perfect it follows
that ®,, must be a square in F'[t]. To show the last assertion, note that if ®,, is not a square
in F'[t], then the squarefree part of ®,, has positive degree (same argument as in the proof of
Theorem 6.5), and thus is divisible by an irreducible polynomial in F[t]. Since F' is perfect,
this irreducible polynomial is separable, and thus cannot become a square in F[t], showing
that ®,, is not a square in F'[t]. We have now shown that ®,, is a square in L if and only if it is
a square in F'[t], so that only the characteristic of L is relevant in this matter. In particular,
if ®,, is not a square in L, then H,, remains maximal if we replace L by k(t). Therefore if ®,,

is not a square for all n < m, then [L, : k(t)] = [kL,, : k(t)], whence L,,/L is geometric.

Corollary 6.6. If n is squarefree, then H, is maximal.
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Proof. From (24), n squarefree implies deg ®,, odd. The Corollary now follows from Theorem
6.5. O

Proof of Theorem 1.4. Let k = F, with p # 2, L = k(t), and f(x) = 2?+t. By Proposition 3.2
it is enough to show nanolo D(Z,) = 0. Let X;, Xs,... be the Galois process of f, and note that
by Theorem 1.5 and (13) we have P(X, > 0) = D(Z,). From Lemma 6.1 and the fact that
ve(p1) = 1, we have ve(p,) = 1 for all n. Hence the adjusted forward critical orbit of f contains
no squares. Finally, by Corollary 6.6 we have H,,(f) maximal for infinitely many n. Theorem
1.3 then applies to show nhi& P(X,, = 0) =1, which implies nh_}nolo P(X, >0)=0. O

We close with a conjecture.

Conjecture 6.7. Let char k # 2, L = k(t), and f(x) = 22 +t. Then H, is maximal for all
n > 1.

Thanks to Propositions 5.5 and 5.6, Conjecture 6.7 would give a simpler proof of Theorem
1.4. It would also give near-complete information about GP(f) and provide very precise
estimates for D(Z,) for large n (see part 2 of Proposition 5.6). Moreover, if Conjecture 6.7 is
true, then it follows from the remark just before Corollary 6.6 that L, /L is geometric for all
n. Thus the strong form of the Tchebotarev density theorem for function fields [13, Theorem
9.13B] applies to show that §(H(F,)) = 0 for p # 2 (see the discussion on p. 10)

One approach to proving Conjecture 6.7 is to use Theorem 6.5 and show &, is not a
square in L for all n > 1. In the characteristic zero case one can show ®,, is separable for
all n by reducing mod 2. In the case char k¥ = 3 mod 4 one can show ®,, is not a square for
all n by adapting the argument in [14, Sections 2, 3] (see [5, Section 3.5] for details). The
remaining cases are still open, though calculations for several small primes p = 1 mod 4 have
shown ®,, is not a square for n < 2000.
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